THE AGGREGATION OF INVESTOR'S DIVERSE JUDGMENTS AND PREFERENCES
IN PURELY COMPETITIVE SECURITY MARKETS

John Lintner¥*

The vector of equilibrium aggregate market values (or per share
prices) of a given set of risk assets trading in purely competiltive markets
of individually risk-averse investors has been derived in earlier work
under certain simplifying assumptions, including the absence of taxes and
transactions costs and a single (uniform) holding period for the assessment
of uncertain outcomes (See [8], [9], [10], [15], and [12]).] The other
critical assumptions in these studies were (a2) the existence of a riskless
asset available for holding or borrowing at a fixed, exogenously determined
interest rate, (b) an assumption that all investors act in terms of identic-—
al joint probability distributions over end-of-period outcomes, and (c) the

acceptance of a mean-variance criterion for portfolio decisions.?

*Harvard University.

lfor comment on another study falling outside the framework of the
present paper, see footnote 3.

20ther authors have justified the last assumption, following Markowitz,
by implicitly or explicitly assuming that all investor's preference func-
tions were quadratic, but apart from being very restrictive, the form of a
utility function has seriously undesirable properties ([8,fn.20],[2],[131,
[15]). In my own earlier papers ([8],[9]), on the other hand, portfolio se-
lections and stock prices based on means and variances resulted from the
assumption that investor's probability assessments are normally distributed
(Gaussian) and the use of Tobin's Separation Theorem [17]. The Separation
Theorem asserts that in any given stochastic situation the investor's choice
of the optimal portfolio mix of all his investments in risk assets will be
independent of the scale of his total investment in risky assets (and hence
of the amount of his borrowing or dollar holding of the riskless asset).
Hakansson [5] and Leland [7] have shown that this separation property holds
(for any probability distribution) whenever investor's utilities are any
power or exponential or logarithmic function of wealth (or a variable linear

in wealth). 1In [10], as in this paper, it was convenient to compute direct
solutions without recourse to the separation property. See pages 349-351
below.
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Under these counditions, each investor maximizes the expected utility
of his end-cf-period wealth by holding the same portfolio wix of risk assets
as every other investor regardless of differences in their respective de-
grees of risk aversion. Each investor also holds the same fraction of the
total outstanding supply of each security ~- and this fraction is equal to
the ratio of his risk-tolerance (the reciprocal of his risk-aversion co-~
efficient) to the sum of the risk tolerance of all investors in the market.
Moreover, if each investor has a given (constant) risk aversion, we can

hypothesize a composite market utility function, also with a certain constant

risk aversion, and show that the whole market, acting as a single "price
taker" on the basis of the agreed probability assessments, will have a de-
mand for each security which is equal to the amounts outstanding if (but
only if) the prices for each security are identical to those given by a
purely competitive process in equilibrium. The market's wealth is the sum
of the investible funds of its component investors, and the market's risk
aversion parameier is "the market price of risk," which im turn is equal to

the harmonic mean of its several investor's risk aversion parameters divided

by the number of investors in the markets. These results -- together with
their implications of the level and distribution of aggregate wealth for the
market price of risk and hence for the general level of stock prices —— were

established in [10]. It was also shown that the conclusions hold both when
(a) investors during the process of market equilibration act in terms of
fixed assessments of the joint distribution of rates of return independent
of current market prices (as suggested by various versions of the "rardom
walk'" hypothesis), and (b) when thev maintain fixed assesswments of the
its equilibrium vector of current prices (as suggested by the observed be-
havior of various Jarge institutions with professional management supported
by a sizeable staff).

With a riskless asset and identical Gaussian probability distributions

throughout the market, the aggregation of individual investor's paramesters

into markcet parameters is thus relatively simple and straightforward. This
article will derive the appropriate specification of the market's composite
parameters and probability assessments when individual investors differ in

their probability judgments as well as in their personal risk-aversion
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(Section I), when there is no riskless asset available for holding or bor~-
rowing (Section II), and when short sales are limited and when most in-
vestors are simply ignorant (i.e., have literally no judgments) concerning
the prospects of most available securities (Section III). In addition, at
each stage, explicit formulae for the Pareto-optimal distribution of the
holding of any risk asset among lnvestors will be developed in terms of
each investor's parameters and assessments relative to those of the market.
In any study of this kind, the specific results obtained obviously de-
pend upon the particular mathematical assumptions made. Unbappily, it
usually turns out that analysis designed to be very general in some res-—
pects has to sacrifice structural detail which is crucial to the investiga-
tion of other important problems.3 The fruitful use of the normal distribu-
tion in developing the theory of experimental design and stratified sampling
provides some precedent for using this distribution to explore the structur-—
al issues indicated above. Although variance is not a sufficient or precise
measure of risk in general, and the normal is only a loose approximation to
empirical distributions of stock prices, rigorous work on the properties of
models of markets in which means and variances are sufficient statistics by
assumption has surely added greatly to our understanding of important fea-
tures of security market equilibrium under more general conditions of un-
certainty. In the same spirit, we maintain an assumption that all distribu-
tions are Gaussian in order to highlight the essential elements of the in-

herently complex interactions and structural phenomena of immediate interest

35 notable instance in point is Fama's recent study of the "Risk,
Return and Equilibrium in a Stable-Paretian Market [4]"; but to take ad-
vantage of the well known greater generality of these Paretian distribu-
tions, Fama had to restrict his analysis to symmetric forms and assume
that all investors acted in terms of a distribution with the same char-
acteristic exponent (essentially the shape parameter) and in addition
assume that all investors' assessments of risks and return were iden-
tical and made in terms of "the market model.” (The market model assumes
that all estimates of security returns are made from regressions om coOm-
mon market factors. See Sharpe [16], Lintner [9], Fama [3], and
Jensen [6].)
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in the clearest and simplest possible context.® It is correspondingly
convenient to assume that each ipnvestor acts in terms of his own unique
but constant degree of risk aversion in the Pratt-Arrow sense [2, 13],
since this implies that all investor's utility functions are negative ex-
ponential in form and enable us to index each investor's preferences bv a
single number -- his measure of risk aversion ap- The combination of
Gaussian distributions with this form of utility function also provides
an analysis which is exact for "large' as well as swmall risks® and leads
to explicit closed-form solutions.

Important concepts and conclusions are underscored in the text. A
companion paper [11] will present the general equilibrium conditions for
a securities market in which all assessments of ending prices are lognormal
rather than Gaussian, aud all investors differ both in their assessments
and in their elasticity of utility of real wealth (or level of constant
proportional risk aversion). To a perhaps suvpry risingly close approxima-
tion, conclusions regarding the agpregarion of individual investor's risk
aversions and differing assessments, the distribution of securities among
investors, and the equilibrimm structure of current prices in these purely
lognormal competitive markets for risk assets, will be shown to parallel
those derived here.

[ . . .

For any readers who prefer to avoid our Gaussiap assumption by re-
course to quadratic utilities, we note that the properties of investor and
market oqplllbrlum presented below correspond precisely to those which

would have been derived had we assumed instead that all investors act in
terms of quadratic utility functions (on the basis of any arbitrary form of
probability distributions). See footnote 11.

*Limited liability is not introduced in this paper. Our reliance on
Gaussian distributions could also, of course, be justified in considerable
measure by reliance on the so-called Law of Large Numbers. Indeed, if we
merely assume that (a) investor's utility functions all satisfy the condi-
tion for the Separation Theorem (Cf. footnote 2) and (b) that all investors
act in terms of the same probability distribution of whatever shape, it
follows that all investors will have the same portfolio mix of rlsk aSS@CS;
coﬁsequentlv if there is a substantial number of different securitie
1matlgﬁm[o the dlstrlbutlon of portfolio returns when expectatlons are
"homogeneous.'" But we do not rely on this justification of our assumption
of normal distributions because the purpose of this paper is precisely to
examine the consequences of different probability assessments; also in
Section III below, there would be no assurance that a sufficient number of
securities will be held in most portfolios to justify the assumption of

Gaussian distributions on these grounds.
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We should also note that although our analysis is formally confined
to a "one-period" model, the conclusions reached (with one scalar adjust-
ment)® are valid with respect to the first period of rather general dynamic
settings —- specifically, those in which each investor seeks to maximize
the expected utility of his nth period wealth when he expects to revise
his portfolio at the end of each interim period en route on the basis of

some given Markovian set of probability assessments.

SECTION I

Equilibrium in Gaussian Markets With a Riskless Asset

I.1 The Setting

In this section we analyze the structure of equilibrium prices in a

purely competitive "single period" securities market in which M investors

5See next footnote.

7Hakansson [5] and Leland [7] have shown that in this dynamic setting,
the percentage mix of risk assets in any investor's optimal portfolio (con-
ditional on any set of market prices) in the first period will be the same
as that derived in a one-period model regardless of the functional form of

his probability assessments so long as his utility function satisfies the
conditions of the Separation Theorem (see footnote 2, p. 347). The nega-
tive exponential used here, and the quadratic and constant elasticity
utility functions are all members of this admissible set, and these condi-
tionally optimal portfolios of individual investors are the crucial building
blocks of our entire analysis. Leland has also extended these results to
models in which utility is defined over consumption in each period rather
than "wealth."

A scalar adjustment is required (when utility functions are negative
exponential, as assumed here) to reflect the fact that the scale of in-
vestment in the first period of the dynamic sequence will not generally be
the same as in the one period case (even though the best risk-asset mix is
the same). This is readily handled by interpreting each investor's risk
aversion parameter ajp 1in our one period model as being proportional to
the investor's true risk aversion; this one element of reinterpretation
changes the size of the market price of risk, but all the structural
analysis carries through as before.
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indexed by k(1 ... k ... M) trade in XN different risk assets indexed by

i and 3 (0 ... i ... 3 ... N). We let n, and oy be the fixed numbev

.th th . . .
of shares of the i and j security ocutstanding in the market, and
Doy and njk be the number of shares respectively bought and held by the

kth  investor. Short sales are permitted, but even though some may be

T,

ik
negative the condition anik =0, is always satisfied in the market. wok
. . . th | N .
is the total investible wealth of the k° investor and wik is the random

value of k's end-of-period wealth.

v . . . .th

Pli is the random end-of-period price of the it security, and

P S, ;
1ik® "iik’ and Eljk th

variances (with Pij) as assessed by the k™~ investor. Fach investor assesses

are respectively its expected value, variance and co-

n
the P. . to have a joint-normal Gaussian distribution with finite first and

1i
. . .th
second moments. Poi is the current market price per share of the i

stock. In addition to the N risk assets, each investor has a viskless
asset available which he can borrow or lend (invest in) in unlimited amounts
at a fixed, exogenously determived rate of return (or interest cost of %) .

Each investor allocates his available funds wok over the N avgil-

able risk assets and the riskless asset. His objective is to maximize the
expected value of his utility of end~of-period wealth. We assume that cach
investor treats his Pratt-Arrow [13, 2] mezsure of risk-aversion

a, = -U"/U' as a constant during the process of portfolio seclection. Each

investor consequently acts in terms of a negative expomential utility

function

kv N
1 — o1y (
(1) U (wlk) exp(-a, W ), a

K1k >0,

where the a, have a different value for each iovestor in the markest,

k=1...M.

I.2 The Individual Investor's Portfolio Equilibrium, Conditional
on #ny Set of Possible Market Prices

In accordance with accepted theory, each investor chooses that
attainable portfolio of risk assets (and that holding of the riskless asset
or borrowing) which will maximize his expected utility of end-of-period

wealth E[Uk(% But % has a normal (Gaussian) distribution,

lk)]' 1
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N .
{because wlk is a linear mixture of the random end-of-period prices

%11 for each risk asset held), and consequentlya

(2) E[Uk(%)lk - - expla LGy, - al)/21).

The investor's optimal investment position is consequently the one which

maximizes the certainty~equivalent of his end-of-period wealth
(3) Q = Wy - a ¥y, /2.

for any possible vector {nik} of the mumber of shares held of each security
at any possible set of market prices {Poi}' His budget constraint requires
that he simultaneously invest an amount® (W, - I |n, lp ) in the risk-
ok i'"ik' ol

less asset if this entire expression is positive, or borrow this net amcunt
if the expression is negative, and the rate of return on this portion of

his overall investment position will be r*. The expected value of his end-
ing wealth will also include the expected value of his holdings of risk

assets, which equals

Z.n

sPlPyqd = 2

P - % *
(5Pl ~ Piabor IFTF) H |05 [Py LHT].

10

whether or not some Ny are negative. After satisfying the budget

8This expectation is the value of the integral for the moment generat-
ing function of the normal distribution. See, for instance [1, p. 37].
Note that with negative exponential utility functions and normal probability
distributions, investment decisions depend only on means and variances and
the ensuing analysis is exact for "large" as well as small risks.

9This expression assumes that 100 percent margin is required against
the short sale, but this is nevertheless perfectly general because it merely
shifts any borrowing possible against the short sale as such into the total
net debt position of the investor.

107he formula is clearly correct for all n,, > 0. When In. IP . is
invested in a short position (n., < 0), the g%oss investment eégalgl(a)
the proceeds of the sale of the é%ock which must be placed in escrow, and
(b) an amount equal to margin requirements on the sales proceeds (assumed to
be 100%) which must be remitted or loaned to the actual owner of the stock
borrowed for the short sale, and both components may be assumed to draw
interest at a rate r*. When nq) < 0, therefore, the expected gain on the
short sale is 1nikl[2Poi(l+r*) - P14] which reduces exactly to the bracket

353

Copyright © 2001. All Rights Reserved.



constraint, therefore, the investor's expected end-of-period wealth W

will be

ik

ok ™ Eylngy Pgy) i)

(4a) + [

D . % | I
i nikPlik nikPoi(l+r’) + 'niklpoi(lfr )]

W &) 4+ % P - 5in. ] bk
ok (LFT) + Byny Pygy - Bangp P (k)
and the variance of his ending wealth position will clearly be

4 = LT :
(4b) Lo 555 15k

whether or not any short sales are included in his portfolio.

The investor's preferred set of holdings will be the one which maxim-
izes (3) after the substitution of (4a) and (4b).1%1! By differentiation, we
find that, conditional on any possible set of market prices {p i}’ and his

o
risk aversion a_ and assessments of {P,. } and [S... ], the investor's
k lik ijk
most preferred (i.e., Pareto-optimal) portfolio will be given by the set of

values which simultaneously satisfy12

on the right side of the expression in the text. In situations where the
investor does not in fact also receive interest at r# on the cash he re-
mits to the lender of the stock, use of this formula assumes that the in-
vestor has adjusted his estimate of the ending expected price ﬁlik to allow
for this circumstance.

!lRecall that the wealth constraint was substituted into the objective
function.

'2This statement of equilibrium conditions for an individual investor's
best conditional risk asset portfolio are all we need for purposes of this
section where we assume there is a riskless asset. His additional decision
on the cptimal scale of his holding of the risklgss asset itself is derer-
mined by substituting the solution values for njy from {S5a) into his
wealth constraint. The optimality of this procedure is confirmed below,
pages 374 and 375.

We should perhaps %lso note that if the investor acts in terms of the
quadratic utility Up = Wig - bkw%k/Z (with any probability distribution),
his optimizing equations will still be given by (5a) after substituting
b/ (1 - bpWyy) for ap. The resulting equations are nonlinear but may be
solved by successive approximation since everything is convex.
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(5a) akzjnjksijk = Elik - ()P i,j ... N,

or

(5b) av = ﬁlik - (U4r*)p . = iik i,j=1...N,

where Vi T Zjnjksijk represents the aggregate dollar variance of his

entire portfolio which igAattributable Egveach13 {(and therefore Egrthq

th . .
marginallu share of the i stock. The particular set of market prices

which will be found in a purely competitive equilibrium will simply be
those subject to which the summation of the holdings of each stock by all
M investors together will equal the number available in the market, all of
which have to be held by someone -~ i.e., the set {Poi} satisfying the mar-
ket clearing conditions.

Certain further properties of each investor's conditional portfolio
optimum should be noted before proceeding to the equilibrium of the market
as a whole. The righthand side of equation (5b) measures the kth in-
vestor's expected net gain (above riskless return r*Poi) in ending wealth
on each share of the ith stock, which we write iik' The investor's risk
aversion coefficient a thus measures the net expected gain he requires

per unit of marginal portfolio variance measured in dollars. An investor's

equilibrium (relative to any possible set of market prices) requires that

his portfolio be adjusted so that the ratio of expected net pain per share

curities in his portfolio (and equal to ak). If we write

= - *
Xik Plik (1+r )Poi’ we have

- B all i =
(5¢) X/ Vi T 2 Gl x =

I
=

By rearranging (5b), we also see that when faced with any possible set

of market prices, the investor will reallocate his funds in the light of his

!3Note that Zinjpviy exactly equals %ik in (4b).

14 . .
Th i i .
e derivative of %k with respect to o is exactly Vik
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owii risk aversion . and assessments {ﬁlik} and [Sijk] until the ratio of
P

his risk adjusted

e on any pair of securities equals

the ratio of their prices in the market:

(5d) Prik T Foi -

Pk = Foj

Moreover, since this is a condition for the portfolio equilibrium of each
investor and all investors face the same prices {Poi} in the marker, this
ratio of expected risk adjusted returns per share between any given pair of
stocks must be the same for all investors in the market —-- just as the mar-
ginal rate of substitution between any pair of commodities is the sama for
all consumers in a perfectly competitive goods market'® —— and this will be
true regardless of all differenmces in the various investor's assessments of
expected prices and/or risks, and of differences in their risk aversion
parameters a - Note that this is a result of each investor's own optimal
adjustment to any set of market prices, and does not depend on market
prices themselves being in equilibrium.

1
Finally, if we rearrange (5b) in a similar way for any it1 security

and divide by Poi to move from a per share to a per dollar basis, we see

from

palli=1 .y,

) P - P = ¥
(Se) [Prin = Por ™ avpd Py 7 7% all k =

|
-
=

that the investor will reallocate his funds in the face of any given set of

market prices {Poi;, until the risk-adjusted expected

dollar of investment is (a) the same on 'y security in his portfolio,

and (b) equal to the riskless rate r* (since at the margin, funds are

added to or withdrawn from the riskless asset or debt). Like the preceding

1°Since expected utility is a positive linear function of certainty-
equivalent, the correspondence with consumer theory is exact because the onu-—
merator and denominator on the left of (5d) are precisely the marginal
certainty—equivalents of wealth with respect to variations in n;,  and
Ny respectively.
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observation, this property of each investor's individual investment equi~
1ibrium holds regardless of differences in assessments or risk aversion

even when markets as a whole are not in equilibrium.

1.3 Portfolio Selection by the Composite Market, Regarded
as a Single "Price-Taking" Investor

Now suppose that the market as a whole invests as a single composite

"price-taker" on the basis of its own Gaussian assessments {Plim} and [Sijm]
in terms of a market utility function having the same form as equation (1)
with its own index m, and specifically with its own comnstant risk-aversion
parameter a_ > 0. The total amount of funds which the market as a whole
must invest in the available set of risk assets or in the riskless asset is,
of course, the sum of such funds in the hands of its component investors,
W= kaok' Like any individual investor, it would seek to maximize (3)
after the substitution of (4a) and (4b), with the result that its demahd
oo for any security conditional on any possible vector of current prices
{Poi} will be the given ith term in the set of values {nzm} which simul-
taneously satisfy

= P - * i. 5 =
(5m) aijnijm Plim (1+r )POi i, j 1 ... N
or
{ =P - * =X
(5m) (i) awv.. Plim (1+r )Poi Xim

where Vin DOV represents the aggregate dollar variance attributable to
: . th
each (and therefore the marginal) share of the 1 stock for the market
as a whole. Since iim is the net expected gain over the riskless return
.t .
per share of the i stock in the markets' aggregate portfolio, its risk-
aversion parameter a = measures the net expected gain required by the mar-

ket per dollar of marginal market portfolio variance. But the marginal rate

of substitution between net expected gain and variance in the market as a

whole is also precisely the market price of risk Yy and we can hereafter

use a_ = Y interchangeably as the context indicates.
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All the properties of the individual investor's equilibrium noted in
I.2 above clearly apply to the market's demand functions (5a) and (5m'),
gven when the market's demands {n, } conditional on {P__}, do not "elear the

. o . .
market' in the sense that all nj, do not equal the outstanding supplies
o i1 .. . .
n;. In order to exhibit explicitly the vector of market prices for which

o
all n, =0y,
let Pim’ PO and n be column vectors representing the obviously corres-

it is convenient to let Zm represent the matrix [Sijm] and

ponding elements in (5m), which may be written

3 I _ & :.?
(5m) (ii) amZmBm P (1+r )EO Km.

The market's demand as a price taken conditional on any vector of current
prices is thus
o ~-1,-1 -1, -1

n =a "Z [P - (I+r*)P ] = a "7 "X .
- m m o ~1lm -0 m m -m

(5m")

Simple rearrangement then shows that the only vector of possible prices EO

o . e}
which will satisfy the condition that the market's composite demand 1

i

. o . .
equals the number of shares outstanding n is giveun by

" . P - D - 7 o = v
(5m'"") (i) (l+r<)130 Eim amémg s a Y.

. o o .
Alternatively, if we let v.o= Zmn represent the vector {Vin}’ these equi-
' = I

librium conditions can be written
= (]
(5m™) (ii) (1+r*)gO =P -av_ .

h
Specifically for the it stock, we have

o

(5m™) (111) (l+r*)Poi - Plim B am imn

where v< represents the market's assessment of the contribution of each
im
.th
share {and also the contribution of the marginal share) of the i stock
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to the variance of the whole market's portfolio when that portfolio con-

(o]

sists of the entire outstanding supplies {nz} = n of all stocks.

1.4 Aggregation of Assessments and Preferences in Securities
Market Equilibrium

I.4.1 Properties Based on Fractional Holdings of Outstanding
Supplies of Securities

The principal purpose of this whole paper is to derive the explicit
relations which must hold between the market's assessments {Plim} and {Sijm}
and its risk aversion 2, (or equivalently, the market price of risk )
on the one hand, and the corresponding assessments {?1ik} and {Sijk} and
risk aversion a, of each of its M individual investors on the other,
when (a) each investor is in personal equilibrium and (b) the market clear-
ing conditions are satisfied. One important property of such a Pareto-
optimal market equilibrium follows very directly from the individual in-
vestor's equilibrium if we impose the market clearing condition in the fol-
lowing way. Let fik = ngk/ni represent the fraction of the outstanding
supply nz of each i security which the kth investor holds when he

is in personal equilibrium.ls

The market clearing equations will be satis-—
fied if Zkfik = 1, which we assume since we want to characterize market
equilibrium prices. After we multiply all terms in the investor's equili-

brium equations (5b) by fik and sum over all investors, we have

(6) WP = P~ Al

When we compare this equation with (5m") and equate corresponding terms,

we see that in equilibrium both the product of the market's risk aversion
parameter and its variance assessment, and the market's assessment of ex-
pected end-of-period prices, can validly be interpreted as the same weighted
average of the corresponding elements for its component investors, with the

R . . . th . .
investor's proportionate holdings of the 1t stock itself serving as

l6gpecifically we assume that equations (5b) are solved for the optimal
conditional holdings ngk of each stock, based on his own assessments, and
that these values are then substituted back in (5b) before the latter is
summed over investors.
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Vi mMeasures the contribution of each (and alsoc the marginal share) of the

ith  stock to the aggregate variance of the investor's emtire portfolio, and

that the corresponding marginal aggregate portfolio variance for the market

risk assessments. Only the products of variance assessments and their risk

aversion parameters can be combined in a simple weighted averape to equal the
From our market equilibrium conditions (6), we can derive further
properties of the aggregation of subjectively assessed risks and riskbearing
. . h
by multipiying through by the aggregate nuwber of shares of the it stock

. o . .
cutstanding 0, which gives

o = o
e = s -2
2 OF Vo5 = i~ ek
. o, . .th .
since ni}oi = voi the agpregate market value of the 1 stock. For com~
parison, similarly multiplying the equilibrium equations (5&') basad on the

o .
market's own assessments through by n, glves17
i

(7m) (Q4+c*)V . = V., - an.v, ,
oi 1im m 1 im

= o
where V.. = o P.. .
1lim i 1im

. th . . .
aggregate value of the 1 stock is thus the weighted sum of each iavestor's

v

The mavket's composite assessment of the end-of -period

he holds. Apart from riskless discounting, the current aggregate value

. . . o .
V . also depends on an aggregate 'risk discount" a mu.v, which equals the
oi m i im

sum of each individual investor's own {subjective and diverse) estimates of
per share variance after weighting by both his risk aversion ap and the

number of shares he holds n.,. Now the product n_ v. equals the dollar
ik ik ik

171t should be noted that this is precisely the same equation developed
for the aggregate market value of the ith  security in [8, pp. 26-371,
since vy, is defined as the 1th 10w sum of the aggregate dollar variance-
covariance matrix [Rij] in the notation of the earlier paper.
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variance of the investor's total portfolio contributed by the ith stock,18
and the product nzvim has the same meaning for the markets' portfolio of
all ith stock outstanding. We may, consequently, also say that the mar-
ket's estimate of aggregate dollar risk attributable to the ith stock,
weighted by its risk aversion a (or the market price of risk vY), equals
the sum (using individual risk aversions a as weights) of all individual
investor's assessments of the risks they are individually bearing from their

holdings of the ith stock. But as I have shown elsewhere,19

o
v, >> L.V, e ompetiti urities market is
nv, 1Y ik because a large purely competitive sec ma

not only a very effective risk-sharing mechanism: it is also (and conse-

quently) a very effective risk-eliminating mechanism.

Equations (6) and (7) bring out significant balances which must be
satisfied by a purely competitive securities market in equilibrium when ex-
pectations and risk assessments differ among investors. But it will be ob-
served that in both equations, the number of shares {nik} an investor holds
forms one element in the weight given to his assessments in forming the mar-
ket composite. While this is perfectly legitimate in characterizing
equilibrium properties of the market, it is clear that each n, is itself

ik
dependent on what the market price may be and we consequently need to derive

an explicit solution in which only the 'givens" of the problem appear on
¥y P PP

the righthand side of any equation.

1.4.2 Aggregations Based on Explicit Solutions for Market-Clearing
Prices

k 1> Bo @nd 1y be

column vectors representing the obviously corresponding elements in (5a),

If we let Z represent the matrices [Sijk] and E

the latter equation for the investor's conditional personal portfolio

equilibrium may be written

(5a") aZ,n = Py~ (L+r¥)E = X

k"k~k -1k ik

1 : . ; L.
®The dollar variance on an investor's entire portfolio is

D T P I L A

19Gee [10], especially the text following Theorem I.

361

Copyright © 2001. All Rights Reserved.



which may be solved to yield his demand functions conditional on market

prices

-1, < 1 -1
®) O [—lk - AR = a2 K.

The market clearing condition in turn requires that the sum of the shares
of each stock voluntarily held be equal to the total available. This equi-

librium condition gives us

o _ s - 115 . _ -1-1g
) D= 7 By B By - (WRRT = a0

which may be solved for the equilibrium vector of market prices:

-1 -1
o
1

k'k k kk k lk k

—_——
jui]

(10) (9P - ( L a2t

1 -1 -1
7. a (Zkak Z

It will be noted that (apart from numbers of shares outstanding) only
the set of risk aversion parameters and the probability assessments of all
stocks by all investors appear on the righthand side of this equation, and
these are the fundamental determinants of market values in this model.

(The number of shares go has to enter explicitly into this equation for
prices per share because ceteris paribus the dollar variance contributed to
an investor's portfolio by a given holding of any company's stock must be
independent of stock splits.)20

Once again ip equation (10), as in (6), and (7), current prices are
weighted averages of expected ending prices less a risk adjustwment. The
average of future expectations is not only different but much more complex

than those in previous equations, and the weighted average of investors'

respective assessments of expected end-of-period prices differs from the

weighting in the mavket's average of their risk aversions and variance

assessments. Specifically, the first term on the right side of (10)

?%See footnote 18. Since I nlkanSIJk is invariant to stock splits,
all assessments of the variances and covarlances iovolving the it stock
(consequently all elements of the it row of the inverse) are adjusted in
inverse proportion to the ratio of new shares to old when a split occurs.

362

Copyright © 2001. All Rights Reserved.



equates with the market's price assessment Elm in (5m"), and the "risk
adjustment matrix" (Zka;lzil)—l in (10) equates with the product of the
market's risk-aversion and covariance matrix amZn (5m'").

When dependencies and equivalences get this complex, it is desirable
to bring out the underlying logic of the structure by considering some inter~-
mediate special cases whose interpretation is a little more transparent.
These special cases also enable us to trace through the different elements
which determine the kth investor's "sharing ratio" fik -~ his fractional
holdings of the ith stock expressed as a fraction of the total outstanding

-- under different simplifying assumptions.

I1.4.2(i) Homogeneous FPxpectations of P's and Z's

When all Eik and Zk are identical, the market's assessments will be

the same as each investor's. In this case (10) reduces®! to

-1.-1, o

(101) (1+r*)13O = E - (Zkak ) “Zo.

1

We established earlier that the market price of risk Yy = a s the market's
risk aversion. We now see that the coefficients of Zgo in (10i) and (5m'")
must be equal, so we have

1

- —1y-1
a1 Y=a = (Ta ) =H/M

The market's risk aversion a. (and the market price of risk <) are both

equal to the harmonic mean of its constituent investor's risk aversions di-

vided by the number of investors; equivalently, the market's "risk tolerance"

-1, . : . X
(am ) is equal to the sum of the risk tolerances of the set of investors in

22

the market. We will see later that this identification of the market

21This is seen most simply by droEping the subscripts on Z and P, in
(52'); then multiply both sides by a;~ and sum over all investors, noting
that Iyn = n° when markets clear.

22Raiffa [14] and Wilson [18] have shown that this relation of risk
tolerances holds in small group bargaining situations when allocations are
Pareto-optimal. In [10], I have also shown that the above theorem is valid
for purely competitive markets in which investors hold their assessments of
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price of risk in terms of investor's risk aversions continues to be valid
in spite of divergent expectations and when there is no risk asset.?2’

To determine investor's 'sharing ratio" for the ith security in this
special case, we divide each side of the corresponding rows of (8) by (5m'),
and find that

-1 ~1

=O 0:1'—‘ =
a2 fik nik/ni ay ,/Lka.K Yok

Since Yor is independent of the parameters of any stock, when there is a

riskless asset and all investors use the same probability distributions,

h |
the k" investor holds the same fraction of all outstanding shares of

each stock and this fraction equals the ratio Yok gg:hiswgigkugglgggggg

to the summation of the risk tolerance of all investors in the market.

It should also be noted that even with common expectations El and %
through the market -- and in particular with all per-share covariance
matrices Z, = Zm = Z identical -~ it does mot follow that the marginal
(or per share) risk attributable to the ith share of stock in the market's

inclusive portfolio will be the same as (indeed, it must be very much less

than) the marginal (or per share) risk of the same stock in the portfolio
of any individual investor. The market's assessment of the contribution of

_th )
each share of the i stock to the variance of the whole "market' port-

L e} ~ O . )
folio is Vin T Ljn'sij’ the inner product of the number of shares of all
stocks with the it row of the (common) covariance matrix Z, while the

. . . .t
corresponding marginal or per-share risk contribution of the i stock to
the individual investor's portfolio is v, = %.n.;S.., an inner product

ik 3 jkTij o o
involving only the number of shares he holds. Clearly, Vim > Vik because
the ot ne o
n® > o for all 1.
i ik

distributions of rates of return during the process of market equilibration,
rather than their assessments of ending prices (as assumed here).

Note also that pre-multiplication of either (10i) or (5m") by n o
exactly reproduces the equation for the aggregate market values V . = n.PO
of risk assets originally given in [8, pp. 26-27] under the assumption of
homogeneous expectations.

i

23But restrictions on short selling and ignorance require a potentially
sizeable but quite straightforward adjustment. See page 389 below.
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1.4.2(ii) Homogeneous Z's but Different Elk

When all Zk = Zm’ but each investor has a different vector of ex-

pected ending prices Elk’ (10) reduces to

(104i1i) (1+T*)go = kaakglk - YZn, Y =a.-

The market risk discount per share Yin is unchanged by the differ-

ences in price expectations. When all investors assess the same covariance

matrix Zk even though their price expectations differ, the market's assess-

ment of expected future prices glm ka kP1k says that Plim de k llk
.th s

for each separate i stock. Common covariance matrices thus make the

market's future price assessment a simple weighted average of the individual

investor's assessments for the given stock alone, with the weights being

their respective fractions of the market's total risk tolerance. But while
this average is a simple one, particular emphasis should be given to the
fact that it is an average of the assessments of all investors. Even in

this simplified situation, it is not true that market price depends only on

the assessment (or risk aversion) of the so-called "marginal" investor.

The assessments and risk preferences of all investors are explicitly

involved.
. th ' . . . th
Now consider the k investor's fractional holding of the 1 stock
in this still simplified situation. With all Zk = Zm, we see from corres-
ponding rows of (8) and (5m') that
(12i1i) f =n /n0 = Za—li /T.a X, =w X.. /X, .
ik ik’ i k ik’ "k“k ik ak ik’ Tim
When expected future price assessments differ, the kth investor's frac-

. . . . th . 1t
tional holding of all outstanding i ‘company shares in equilibrium de-
pends on the ratio of the product of his risk tolerance and expected excess
return on the stock to the corresponding product summed over all investors

in the market. Alternatively,ZH his fractional holding is equal to the

2%1n (10ii) (b) we have a w . X, /T w

kX /Zkk ik aklk kaklk’

1 .
ing numerator and denominator by Zkak . Also, ka k ik Xim since

after divid-

kaakPlk Pim'
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EEQQQEE.Of (a) the ratio of his risk tolerance to that of the entire market
and (b) the ratio of his assessment of expected dollar return per share to
that of the entire market.

o+
i f

vestors are sufficient to prevent any investor from holding the ssme fraction

Note that f jk: differences in experted future prices among in-

of the outstanding supply of each of the different stocks in his portfolio.

hold different optimal portfolios, as would be expected.

I.4.2(iii)

Pip but Different 2z,

When all P =P =P but each investor has a different assessment

1k lm
of the relevant covariance matrix, (10) reduces to

5 -1_-1.-1 o0 = - -1,-1 o
- (x z =D, - N0
Pin (Lkak “x ) o =1lm Y(Lkwakzk ) o

"

(10idi) (I+r*)P_

. -1,. -1 -1 -1 . .
since a, /Lkak = Vo and Yy = a = (Zkak . When we compare this equation
with (10i), it is thus apparent that
13) z = (w2 HL,

m k ak”k

i.e., that the market's covariance matrix is equal to the inverse of a

weighted average of the inverses of the covariance matrices of its con-

stituent investors, where each investor's inverse risk assessment Z;
receives a weight equal to the ratio of his risk tolerance to the total

risk tolerance of the market. Moreover, the market's assessment of the
variance Vi contributed by each share of the ith stock outstanding

to the market's whole portfolio is still equal to the inner product over

all stocks of the ith row of Zm with the number of shares of all stock
outstanding - but the market's complex weighted average variance--covariance
assessments Zm must be substituted for the simple common assessment Z
which was previously adequate.

As would be expected from the previous case, differences among in-

vestors in their variance assessments 2, also lead to different optimal

portfolio mixes across investors, and lead every investor to hold different
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fractions of the outstanding supply of different stocks. Specifically,

with all Elk = Elm dividing the ith scalar product of (8) by the corres-

ponding element in (9) yields

Loy e:!Z~:l/e‘Z—1

. _ o o _ 1 1ol
(12i44) £y, = ng/n; = a el hiaye 2 = el ey

ik

where e, is the ith unit vector. Fach investor holds a fraction of all
the ith stock outstanding equal to the ratio of the weighted ith row-
sum of the inverse of his covariance matrix to the corresponding row-sum of
the inverse of the market's composite covariance matrix (which equals the
sum of this row-sum over all investors), with the same weights w as

ak
before.

1.4.2(iv) Both E and Z Differ among Investors

1k

k
Equation (10) gave the equilibrium price solution for this case. Com-
paring (10iii) with our original (10) shows that the second terms on the

right, and hence the market's risk discount, are the same as in the previous

case. Consequently, differences in price assessments among investors do not

change the market's assessment of risks per share mnor the discount it im-

poses below expected values to compensate for these risks in this model

when there is a riskless asset. But comparisons of the first terms on the

right side of (10ii) and the original (10) shows that differences in risk

assessments 2, do change the market's expected ending price assessments.

Equating the first terms on the right side of (10) and (5m") shows

that when covariance matrices 2 differ among investors, we have

K
. U DO I s
(14a) Bl T (i %) TPk 2 Pk
_ “1,-1 -1
(14b) = Gy ) Ll Bk
-1 =
(14e) =7 N w P

m 'k akzk -1k’
after using (13), or

1= 1=
(14d) Zo Bim = Pk Bawe
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Equations (l4a) and (14b) show that the vector of the market's assessments
of expected ending prices E is a complex weighted average of products of

each investor's "precision matrix" %, with the entire vector of his assess-

ments of ending prices E. Alternatively, equations (14d) shows that the
market's vector of expected price assessments weighted by the market's
precision matrix is a simple wakhweighted average of all the individual
investor's correspondingly precision-weighted vector-assessments of expected
ending prices. (Note that all the individual investor's precision-weighted
vector assessments Z;lilk bear the same relation to the market's composite
Z;lglm in equation (14d) as their respective assessments of individual

. = - T bt
prices Plik bore to the market's P

P,;, 1o (10ii) when all covariance

matrices were identical.)

It is apparent from a comparison of (10ii) with (l4z) or (14b), that
any differences in investor's covariance matrices Zk will alter the mar-
ket's assessments of expected ending prices in two significant ways: First,
when investor's covariance matrices are the same, a simple weighted average
of the various investor's assessmants of expected ending values of the in-
dividual stock sufficed for any stock. But when investors assess different
covariance matrices the market's expectation of ending price for amy single

th

i stock is a compound weighted average of the variously assessed ending

price vectors of all investors for all stocks. Second, the weights in rhe
market's ending price expectations were determined simply by investor's
risk tolerances when all Zk are the same. But when investor's covar iance
assessments differ, the required weights explicitly include all the elements

th . . ' . :
of the 1 row of the inverse of every investor's variance-covariance
. ) \ . -1 25
matrix as well as every investor's risk tolerances a. .
The basic reason why differences in covariance matrices necessarily
affect the market's ending price assessments is most clearly indicated by

briefly considering the following simplified case: Let each imvestor act

25Equation (l4c) shows that for any ith stock, the market's assess-—
ment of expected ending price ﬁlim is equal to the sum of the inner prod-
ucts of (a) the elements in the it row of the market's composite variance-—
covariance matrix Zg, with (b) the wyi-weighted sum over all investors of
the inner products of the ith roy of the inverse cof their respective Zy with
the entire vector of their respective assessments of expected ending prices
on all stocks.
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i iag i i ian e g.., > 0, but
in terms of a diagonal matrix [Gijk] with variance terms N ,

ik
all Oijk =0 for all i # j and all k. 1In these circumstances, we would
-1 -1 . .
] . —
have the market's variances oiim = zkwakoiik from (13), and its price

assessments would have the simpler form

(141) Plim = (Zkailgglik)_lzkal—clc;likﬁnk’
(1411) = Oiimzkwakc.ilikﬁlik

or

(14111) Py in/Osam = Tvak Pran/Oigi -

When all covariances are zero, the market's assessment of any single
ending price ﬁlim depends only on investor's assessments with respect to
the single stock; but when the variances of the different investor's assess-

ments differ, it is necessary to weight each of these assessments by their

"reliability" (i.e., weight them inversely to their respective variances)

before combining them into the market's composite assessment. 2°

Similarly, when all the covariances Oijk are not zero and each in-
vestor assesses a full covariance matrix Zk’ assessments of the expected
ending prices of other stocks §ljk must enter explicitly into the com-
posite market assessment of any given stock's expected ending price Plim
for essentially the same reason that covariances themselves are fundamental
determinants of optimal portfolios for any separate investor. (Recall from
equation (6) above that one of the valid weighting schemes in general mar-
ket equilibrium gives each investor's assessments a weight in the market's
assessment equal to the fraction fik = n?k/nz of the outstanding shares of
any given ith security which he holds -~ and any investor's best value of
ngk fundamentally depends on the entire vector of his assessments of

glk on all stocks as well as on the covariances he assesses between stocks.)

28Note that in subsection I.4.2(ii) above the wy) were the only
weights involved in the formula for E . With identical 2 = Z, = Z the
"precisions" of the estimates of all investors cancelled out because they
were all the same; and for this same reason the separate estimates of flik
for each stock could be used directly in forming market estimates.
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A covariance matrix can properly be regarded as the variance of a vector

and its inverse is the precision of a vector. The market effectively makes

a simultaneous composite assessment of the vector of expected ending prices

Elm by combining every investor's vector of assessments P after weigh-

1k
ing each investor's assessments by its precision.-

The reader will recall that good statistical practice always requires
that the evidence of each '"cell" in any segmented or stratified sampling de-
sign be weighted inversely to its variamce (i.e., by its "precision') in
coustructing the global estimate of the statistic of interest. FEach in-
vestor's assessments of expected endings prices Elk and the covariance
matrix Zk represent his best judgment of the mean and variance of the
random vector %l whose actual value will only be known one pericd later.
Although every investor seeks to make his assessments of the mean and vari-
ance of this vector equal to the "true'" values in sowe sense of the "actual
distribution of %l’ every investor's (necessarily subjective) assessments

of Elk and Zk in fact differ from every other investor's assessments.

We now see that purely competitive security markets, in effect, form their
- "
composite assessments Pln of the expectations of the random vector P1
~1m =
by using a stratified sample of investor's judgments in which each investor

is included and is treated as a separate stratum. Moreover, a purely cowm-

petitive security market necessarily and automatically uses the ideal weights27
of sampling theory in combining the separate vector assessments Elk of each
stratum (investor) into its composite market estimate Elw’ as shown by equa-

tion (l4c). The rest of our analysis then shows that these "best composite

market estimates' Elm’ together with the market's composite risk aversion

a and its composite covariance assessment Zm ~~ whnich is also a weighted
average of the Zk by equation (13) -- determine current market prices
§io by way of equation (5m").

Even in the simple case with commou covariance assessmenis, we saw
that the market's assessment of an expected ending price depended on the

risk tolerances and price assessments (of the one stock) of all imvestors,

27The variance of the "cell mean" in our case, where we only have a
sample of one observation (assessment) from the investor's distribution is,
of course, the same as the variance of the "parent population' (the in-
vestor's own distribution).
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not just the marginal investor. (This incidentally is M(N+1) items of

data.)?® We now see that in the (undoubtedly more realistic) case with dif-

ferent assessments of covariance matrices, the market's assessment of the
expected ending price ﬁlim for any security depends on every investor's
assessment of the expected ending price for every security and every element

in every investor's assessment of his NxN covariance matrix Zk, as well as
the risk tolerance of every investor -- a total?? of M(14+N) (N+2)/2 ele-

ments. TIf 100 stocks are traded by 100 investors, the market's assessment

of ﬁlim for any one stock would be an explicit function of 515,100 assess-—

30

ments and preferences. And since current market price POi monotonically

varies with the market's assessment of expected ending price ﬁlim’ the mar—

ket price of any security will in principle change Eéﬂﬁ result of any change

in any omne Qi_these assessments or preferences (degree of risk aversion),

more than MN2/2 in number.
Any carryover of earlier Marshallian or Ricardian notions of "marginal”

buyers settin prices31 in purely competitive markets is utterly unjustified
y g p y P y unj

and misleading when dealing with security markets under uncertainty. Every

investor is a marginal holder with respect to his last share (or his last
dime's worth) of each security he holds. Even more to the point, every cur-
rent price ?0 is exactly equal to the value given by a single composite

price-taker's demand functions when this single price taker (''the market')

28Fach of the M investors has a risk aversion and each makes an
assessment of Plik for each of N stocks.

2°Thig number is larger than the previous by the N(N+1)/2 variance
and covariance assessments of each of the M investors.

3%Ccorrespondingly, in this model any one ﬁlim in a market of 25 million
investors trading 1,600 stocks would reflect more than 3.1013 assessments!
Even if a single factor diagonalization of the Z, were adopted following
Markowitz and Sharpe (but each investor uses his own estimates of all param-—
eters), the number in the text is reduced to 3M(N+1l), which in the case
just cited is still 120 billion. (Each of M investors estimates the mean
and variance of the index and has his risk aversion; and for each of N
stocks he estimates a constant and slope and residual variance from the re-
gression in which P13 1is the dependent variable).

3lThese dogmas of marginal buyers setting prices have appeared fre-
quently in the literature on corporation finance and related papers on stock
prices. But it should be recognized that such ideas represented a misread-
ing of Marshall and Ricardo who explicitly argued that in competitive markets
the "intensive" and "extensive' margins were equalized; both represented
optimizing adjustments in the same equilibrating process and neither deter-
mined the other.
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is required to hold neither wore nor less than the number of shares n° of

each security outstanding. This aggregated or composite price-taker's de-
mand functions depend on its composite assessments of ending prices Elm’
and its covariance matrix Zm and its risk aversion a . Its risk aversion
is the inverse of a harmonic sum of every investor's risk aversion; and both

of its assessments are complex weighted averages of all investor's assess-

ments.

This more general case also extends previous results regarding the
fraction of any company's stock which will be held by any investor. We
have seen that differences in either ﬁlik or in Zk lead to different
optimal portfolio mixes among investors, and either type of diversity in
assessments among investors means that any investor will hold a different
fraction of the total market supply of the different stocks which are in
his portfolio. Both effects are compounded when neither the assessments of

or of 2 are the same for all investors. In this situation, dividing

I:lk k
the i scalar of (8) by the corresponding element in (5m') gives us

- ~1- - ~1-
/n, = a 1032 1X /% a 1e!7 X
i i’k -k

(12iv) (a) k -1k =k’ “k"k

+h
§

ik T Mk

-1- ole
2 S i e Xy

i
<

1z Jerz 1%
-1 m -m

. - 1 I Sy
(121v) (b) akife %

b3}

since from (J0) and (13) we have

) 7 . e Y =
(12iv) (c) Xm = ZmZkuaka Elk (l%r?,POi mTKw k?k x

The numerator of fik is equal to the investor's risk tolerance multi-
plied by the sum of the cross products of all the elements in the ith row
of the inverse of his Zk with his assessment of the expected excess re-
turns per share on every security; he holds the fraction of all ith stock
equal to the ratio of this scalar number to the summation of all such num-
bers in the market. Alternatively, as shown in (12iv)(c), this is equiva-~

L1
lent to the ratio of his ith inner product Zk §k across all stocks,
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weighted by his share Yok of the market's aggregate risk tolerance, to
the market's inner product Z;lgm.

Note in particular that any investor holds a different fraction of

the outstanding supply of each pair of securities, fik # fjk’ although an
increase in his risk tolerance or reduction in his risk aversion would raise
his holdings of all securities. His holding of any security will also be
greater (a) the more confidence he has in his estimates of its ending price,
conditional on all other prices (the lower its conditional variance) and (b)
the less interaction (covariance) he attributes to this stock relative to
other stocks ~- i.e., the greater the subjective 'precision” of his estim-
ates of ending prices -- and it will also be greater the more bullish he is

on its expected ending price if he is long (or the more bearish, if

Frix
he is short). 1In purely competitive (and Pareto-optimal) securities markets

in which a fixed list of different securities are traded, the fractional
holdings of the total outstanding supply of each security held by each in-

vestor behave in this very reasonable and sensible way in response to each
32

element of his subjective assessments, given those of everyone else.

SECTION II

Equilibrium When There Is No Riskless Asset

II.1 The Investor's Conditional Equilibrium

To this point we have assumed that all investors have access to a
riskless security and can borrow unlimited amounts if they wish at the same
rate tr*. But in fact savings deposits or govermments with a maturity at

the end of the period also have an uncertain real return when general

32This is true even though in an Arrow-Debreu world (more distinct
issues of securities than the inclusive set of all possible states of the
world conceived with non-zero probability by any investor) or in a bargain-
ing situation with unlimited side-betting, the "sharing rule" would be the
simple one we found above in I.4(i) with homogeneous, identical expecta-
tions. See Wilson [(18].
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commodity and consumer goods price levels may change, and the real costs
of borrowing are similarly uncertain. We now examine the model when all
returns are uncertain, when each investor's utility function is defined
over the real purchasing power of outrcomes, and when each investor has a
different assessment of changes in the purchasing power of nomiunal dollars
and its covariance with all other securities.

Specifically, savings deposits (or debt) are just another risk assei
and are included with non-zero covariances with all other securities in
each investor's covariance matrix Zﬁ. For generality, we continue to
assume that each investor assesses a different vector of the (N+1) expected
real outccmes Eik and variance-covariance matrix Zi, which has rank
N + 1, where asterisks indicate variables expressed in units of purchasing
power. We let the subscript N + 1 denote the asset with known dollar re—
turns or costs, and let its current market price Po(N+1) = 1. The wnumber

of “shares'" held then represents the number of dollars invested in

N1
the savings deposit (or, if negative, the amount of borrowing to lever the

purchases of other assets), and ﬁl(N+1)k is the expected real interest
return per dollar (or real borrowing cost per dollar of debt). Just as in
previous sections we assumed the distributions of nominal returns to be
normal, we now assume that each investor assesses a jointly normal distri-
bution of the N + 1 real outcomes.

When the investor's utility function (1) is assessed in terms of real

wealth Wi his optimal investment position will maximize

k’

39 Qf = 7y - a2

subject to his wealth constraint. From his assessments of real outcomes,

the expected real-value of ending wealth will be

% = n'P¥
(ha) e T nf T

and its variance will be
(4b%) Wx, = nyzin,

ik ~k
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while his wealth constraint becomes

N
(he¥) W + zllniklp

ok T ML)k oi'

From these identifications, we form the Lagrangian expression

z

= 'y _ e _ - .
G = P~ T+ LIV - D ML

Differentiation then shows that the N + 2 necessary first order condi-

tions®? required to determine the N + 1 optimal holdings nzk and the
shadow-price Ek of the wealth constraint are
(15a) 86, /én, = P¥, - aZfn, - LR =0
and
(15b) 66, /8L, = W\ = Bonelyi 2y lng, [P, = 0.
o ik' ol

Conditional on any given set of market prices Eo’ there will be a differ-
ent set of N+ 1 wvalues {n2k|§k} for each possible value of Ck’ and

the only acceptable value of is the value Cz for which equation (15b)

-
is satisfied by the conditionalksolution-values of {nzklﬁz} given by
equation (15a) for all (N + 1) "securities."

The shadow-price of the investor's wealth constraint is thus in general
a function of his risk aversion and his assessments of Efk and of risks
Zi, as well as of market prices. But with these other elements given and
fixed, as we are assuming, the QE in equation (15a) are siwmply a function
of the vector of market prices Bo’ and the vector of equilibrium holdings
Ei can then be validly expressed as a linear function of the product Cigo.
If we write Ei for the vector of values {nik|C;}, the equations for any
investor's individual equilibrium, given his assessments and any set of mar-
ket prices go’ will consequently be

%3The second order conditions for a maximum will necessarily be satis-

fied because the covariance matrix Zﬁ is positive definite.
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(16a) akzﬁgi = Eik - CEEO (N+1 equatioms),
or

© - . 00 _ Ta
(165) avie T Ik Al e X

It is worth noting that these more general optimizing equations include the

analysis in Section I as a special case. If the (M+1) security (or debt)

were universally regarded as having a riskless return or cost (l+r*) then

o o)
Pownye = Bfoqury = G foT
every investor, and with an agreed riskless rate r#* we have

o o . . .
gk =g =1+ r* for everyone in the market. In this special case, equa-

the last equation in (16a) or (16b) would be

tions (16) are identical to (5) and all the analysis of Section I would fol-
low as before.
But even when there is no riskless asset, it is clear that the shadow-

. o . . ,
price Ek of each investor's wealth constraint measures the marginal real

(riskless) certainty-equivalent of his end-of-pericd wealth Qi, and the
value of C; will be different for every investor (because of his differ-
ent probability assessments and his different risk aversion ak). Moreover,
the investor's equations for the optimization of his persomal investment
position, given any possible set of wmarket prices Eo’ now require that he
adjust the number of shares of each of his risk assets and his debt or hold-

ings of the pominally riskless asset until the ratio ifkfvii =a, 1is the
same for each of the N + 1 assets he can hold. This property is the same
as that found in (5¢) above, but this more general case emphasizes that the

balance involves X?k the conditionally expected excess real return per

share over the marginal real riskless return on the funds, with

%0 = a'7x0° = ¥ n° g%
Vik © &% T 755STike
which is attributable to each (and therefore the marginal share) of his

the aggregate variance in real dollar terms

.th . . . :
holding of the 1 security or debt, and this marginal real portfolio
variance on any stock now includes its row-sum covariances with the nomin-
ally riskless asset (or debt).

Similarly, as in (5d), the ratios of the risk-adjusted expected real

5 o} PR
* - P . - av* on an air of securities must
return per share [Plik oi K lk] vy paiix

equal the ratio of their respective prices im the market for any imvestor
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in personal equilibrium. Moreover, as in (5¢), an investor's individual
equilibrium with respect to any set of market prices (whether or not the
market as a whole is in equilibrium) requires that his available funds be

reallocated until the marginal risk-adjusted real return per dollar of in-

vestment is (a) the same for every security in his portfolio, including the

investment with a nominally riskless return, and (b) equal to Ei, his

marginal real certainty-equivalent of ending wealth, and (c¢) that he increase

the funds available for other investments if and to the extent necessary to
bring about the equalities required in (a) and (b). DNote further that the
amount of his optimal investment in the nominally riskless asset (or his
optimal amount of borrowing) is a function of the entire variance-covariance
matrix Zﬁ, whose (N+1)th row includes specifically the covariances of the
real returns on (or real costs of) this asset with those on the other N

assets.

II.2 Equilibrium Conditions for the Entire Market

An explicit expression for the optimal portfolio of investments (in-
cluding the nominally riskless asset or debt) for any investor, conditional
on any possible set of market prices Eo’ is given by the following solu-

tions to equations (1l6a):

o_ ~-1,-1.5. _ .0 R B £
(16e) ne = A 4 By~ BBl = A A X

b > 0o . . s
where gi = Efk - Ckgo is introduced for convenience just below. The usual
market clearing conditions for the market as a whole to be in equilibrium
now require

o _ o _ -1,-1.5 _ o - -1,-1=
an nT hmy t R g By BBl = Ty Ay X

and these equations may be solved for the equilibrium vector of market
prices:
o,-1,-1. -1, -1=

-1.,-1 o
ka ) X, a

_ -1 -1_0
18) Py = (gt e 2 B T Gl B ) e
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But in interpreting these equations, the reader will recall that the usual

market clearing condition is inappropriate for the (NH)th asset which we

have assumed to be available in unrestricted supply at an exogenously de~

all excess demands be simultaneously zero [ni = an?k’ all 1 # (N+1)] for
everyone of the first N securities which are in fixed supply and for which
nominal returns (as well as real returns) are uncertain. With this under—
standing, equations (18) set forth the strictly detevminate conditions for
equilibrium in securities markets when there is no riskless asset and when
all investors individually and collectively may hold (or borrow) as much of
the asset with a nominally fixed return as they may wish. By derivation,
every imnvestor is in a Pareto-optimal investment position with respect to
2ll (§+1) assets. It is apparent, incidentally, that if all jovestor's

EE = 1+ r* as in Section I, the first N equations in {18) reduce to the
simpler form (10).

I1.3 Equilibrium Prices Based on Composite Market Demand

The significance of these equilibrium conditions in terms of the aggre~
gation of investor's preferences and assessments can be best explained by
noting the corresponding equilibrium conditions for "the market" viewed as
a single "price-taking' entity. Proceeding as in Section I.3, we ascribe
to the market a utility function and assessments having the same form as
each individual investor's, but with their own distinctive parameter values
by m. By a derivation identical to that just above for any other single
investor, we find that the market's conditional demands n for each of the

N 4+ 1 securities must satisfy

#C = P - °
(16m) amZmEm E1m Cmf—)o >
or
O - Px - Op - 3%
(16m") ame I—)lm cmgo Xm :
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where Cz is the shadow-price of the markets' given stock of investible
wealth wom = kaok’ which is equivalent to the marginal riskless real
certainty-equivalent of this constraint for the market as a whole; and each
of Y; has the same identification of marginal real portfolio risk for the
market as a whole as the corresponding elements in (16b) for any individual
investor's portfolio.

The only set of values for Cz and Eo for which the market's demand
ni will equal the supplies outstanding EO is given by

o = o
= px - *
Cmgo le amZmE :

g o Ly
After dividing by the scalar term Cm, we thus have vector of equilibrium
prices based on the composite market assessments given by

o

" = O“l’* _ o-1 *
(16m™) go Cm 1—)m amCm ng )

The aggregation properties of the market when there is no riskless
asset follow from the fact that the first and second terms on the righthand
side of (18) must be equal to the corresponding terms in (16m"). This con~
tent, however, is most easily identified if we consider some special cases,
as we did before in section I. For later reference, however, we note here
that the inverse relatioas between EO, the supplies of securities held,
and the assessments of the composite market are given by

1 1 .-1

o _ 7l lipe - ° = g Tzk Xk
(16n) o an Zm [Pim Cmgo] %n Zm gm

IT.4 Market Aggregation With No Riskless Asset

IT.4(i) Homogeneous Assessments of P*'s and Z*%'s

In order to relate the marginal real certainty-equivalent of the mar—

ket's composite wealth (the shadow-price of ''the market's" wealth con-

. o . e
straint Cm) to the vector of corresponding values {CE} for the individual
investors 1in the market, we revert briefly to the simplified context in

which all investors' price and variance assessments are identical so that

Pk = P* = Px = p% * = 7k = Z% itions
all Elk Elm P El and all Zk Zm Z*%. Under these conditions
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(18) reduces to

(181) Py = [Ca )/ (a e 1B, - (Far t)) T 70°

while the vector of expected prices in (16m") is simply Qo_lﬁf in this
mo -
case " Equating the scalar coefficients of prices in these two equations

indicates that®®

- v o
(19 b T ek ke

where Vo T a;l/xkail as before. Moreover, we find exacitly the same re-
lation between Cg and {Cz} from equating the variance coefficients in

these two equations,38 when we also use the same identification of the mar-
ket price of risk and the market's risk aversion Yy = a_ = (Eka;l)rl which

pul
isk

we derived in equation (11). The market price of risk and the market's r

Moreover, in the absence of a riskless asset,

weighted average of the corresponding shadow-prices for each individual in~

vestor, where the weights are the ratios of each investor's risk tolerance

to the simple sum of the risk tolerances of all investors in the mavket.

I1.4(ii) Homogeneons 7Z* but Differing Efk

When all 2Z#% = 2% = Z, but P differ among investors, we have
k m ~1k

3%To see this most simply, note that under these conditions equation

(16a) becomes akZ*gk = b§ - Qﬁgo. Now divtde both sides by ay and sum
Zkailéﬁigo from which (18i) follows

-1 -1 -1
35From the price coefficients we have ;" = [(Fypap )/ (Tyar o)l =
[ Cywar)/ Iywa bkl = (kaakck)'l, since by comstruction Ipwgp = 1.

over k to get Z2Z¥%n = (Zkail)gl -
immediately.

35¢rom the variance coefficients in (16m") and (18i), we have ayf,~ =

-1 -1 -1 _ ~1
)= (Ca D@ o)) T s e (v 0)

@ k" ak’k

Pk Sk
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" . -1 oy-1,. -1 o -l,0
(181ii) go = (Zkak z7) (Zkak glk) amcm Z*n
after using (11) and (19). FEquating the first terms on the right of (18ii)
and (16m") we have
(20) B = N(Ew Byy)

~1m m "k ak-1k’’
which is the same as implied by (10ii) except for the substitution of the
scalar Qm for (l4+r*). We thus conclude that the absence of a riskless

asset does not alter the market's average of differing price expectations

. . . 37
so long as variance assessments are identical.

11.4(iii) Identical P¥,, but Differing 2%

The market's assessment of its covariance matrix is made more complex

by the absence of a riskless asset when variance assessments differ among

investors. To isolate the effect of differing Qk upon the market's aver-
. ] . ' Pt = px = P%
age of investors' different Zk S, welassume that all glk Elm El'
In this situation, (18) would reduce to
o-1= -l1o0,,~-1,-1 0
ii4 = % - %
(184iii) go Cm El (Zkak Qka ) Tns
which is the same as (16m'") with Efm = Ei when we equate®®
- -1.-1
% = *
(21) Zm (kaakwgkzk y o,
where wz;k = CZ/Cg. When there is no riskless asset and variance assess-

ments are not homogeneous, the market's covariance matrix is still the

37We see below, however, that differing g do modify the fractions
fijx of outstanding shares held.

38From (18iii) and (16m'") we have amC;—l *_190 = (Zkaalﬁﬁztnl)—lgo

1o .-1.-1 o .-1.-1 - . Py ]

* = % =
but (Zkak ckzk ) am(kaakEkZ ) amlg (kaakakzk )+, using (11)
and (19).
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inverse of the weighted sum of the inverses of the investors' covariance
assessments, but each investor's Zﬁ—l is now weighted by the scalar prod-
uct w_,w
ak ck o
shadow-price of wealth Qk to that of the market C: (which itself is a

i.e., by the product of (i) the ratio of his marginal real

weighted average of the CE), and (ii) the ratio of his risk tolerance ail

to the sum of all the risk tolerances in the market.

11.4(iv) Differing Assessments of Efk and of Zi

The basic equations for the equilibrium vector of current market prices
Ec in this more general case were given above in equation (18). It will be

less asset, the market's assessment of the risks per share on any stock and

the discount it imposes below expected values to compensace for these risks

are independent of the price expectations held by investors jn the market.

Since the second terms of (18iii) and our general equation (18) are ident-
ical, it might appear that this is still the case in the absence of a risk-

less asset. Nevertheless, without a riskless asset this is no longer true.

From equation (16b), we know that the market's assessment of marginal real
risk per share om the market's aggregate portfolio is Y§O = Z;go, and
with no riskless asset available, we know from (21) that Z; is now a spe-
cific function of the various investor's marginal certainty-equivalents of
wealth C; (as well as their risk aversions and their (real) covariance

-1 . P
assessments, a and Zi). Moreover, from equation (16a), it is clear

k
o . . . =,
that each investor's Qk is a function of his assessed Efk (as well as
his a, and Zﬁ). Consequently, with the returns on all assets (aund the

real costs of borrowing) uncertain, price expectations inherently affect

the assessments of risks in the market.
When there is no riskless asset, it of course continues to be true

that differences in risk assessments 7, directly alter the market's
assessments of expected prices. Indeed, the market's weighted average price

. . : 39 . el
expectation is essentially the same as it was when there was a riskless

_ 1o
3%Equating the first terms of (16m") and (l?) we havelc m Pop
o -lo, . ~1.-1. -1 = -1 1y -1 ‘

= Crap 62 ) Tag 2y = o Cuvain 2 D) Dvag 2 Prye

-1 15 elling o) ; s is the
= Zﬁ?kwakzﬁ Elk‘ After cancelling T on both sides, this is the

sane as (l4c) above except for the use of (21) instead of (13) to identify

VAR
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asset, except for the now familiar substitution of Z; for Zm and an ex-—
. o .
plicit allowance for the investors' respective L in the market's real

shadow-price of wealth CE.

II.5 Distribution of Stock Among Investors and Composition of Each
Investor's Portfolio

As would be expected, when there is no riskless asset, differences in

] . PN s .
the investor's oY significantly affect the fraction of each issue of out-

standing stock which each investor will hold. This is a fundamental conse-

quence of the absence of a riskless asset even when all probability assess-

ments are identical for all investors. It will be recalled from section

1.4.2(i) above that when there is a riskless asset and all investor's assess-

ments of all expected prices and covariance matrices are assumed to be the

_ o -1 -1 _ . th
ik = nik/ni = a /Zkak = Vo for all stocks in any k
investors portfolio and fik = fij for all k. But even in the correspond-

same, we had f

ing special case where all investor's assessments of expected real ending
prices and covariances are identical [so that all Eik = Efm = El
Zi = Zﬁ = Z*] but there is no riskless asset, each fik will be a function

and all

not only of the investor's relative risk tolerance w but also of (a)

ak’
his shadow-price of real wealth CE, and (b) that of the market C;, and

(c) of the absolute level of the (common) price expectation ?1 -— and,

i
indeed, it will implicitly also be a function of the absolute level and com-
position of the (commonly assessed) covariance matrix Z (since this will,
other things equal, affect ci). From equations (16¢c) and (16n), after

allowing for the identity of assessments we have

o -1

£ = M/

o -1.= o
- *® —_
TP L1/Z,a [Pli ;kpoi],

*
1i oi k'k

(12a)

= o = o
* - P & - .
ol Py T OPo01 1/ Py~ GPoy!]

o _ ,0 .
Clearly fik # Yox unless all Ek = ﬁm contrary to assumption. Moreover,
even when price expectations are common to all investors, we have
P* Px . . :
Pli/Poi # Plj/POj so that fik # fjk for any investor; and different
portfolios for different investors follows from the fact that Zkfik =1
for all stocks.
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Since these results hold even in the special case where investors'

assessments of P and Z, are identical (Knight's "pure risk" situation),

-1k k
we conclude that the absence of a riskless asset is a sufficient condition

for concluding that (a) any investor will hold a different fraction of the

total market supply of the different stocks in his portfnlio, and that (b)

there will be different optimal portfolio mixes for different investors.

Both conclusions are, of course, substantially strengthened in their wumer-
ical significance when we also allow for all the differences which are to

be expected in practice in the assessments which different investors in the

market will make of the vector of expected ending prices §1” and of their
associated covariance matrix Zﬁ. With all CE # ;i, the equations for fik

in this more general case are formally identical with (12iv)(b) above after

. . 3 5 e} 3 . .
substlfutlng §ﬁ = Eik - Ckgo for §k in the latter expressions. Note
that §§ subsumes both the differences among investors in their assessments
5 . . . o
of glk and their differing Ck'
In these more general circumstances, the distribution of the assessments
Elk and Zﬁ of different iuvestors in the market, as well as the distribu-

. ; : -1 B . .
tion of their risk tolerances a and of their marginal real valuation of

single security among investors in the market. The market distribution of

each security will differ from that of any other security. No investor will

hold the same fraction of the outstanding supply of any two securities. No

two investors will hold the same percentage mix or portfolio of securities

(even when the security with a nominally riskless return is excluded from

considevation). And, in particular, no investor will hold the same portfolio

"the market portfolio."

SECTION III

The Effects of Restrictions on Short-Selling and of Sheer Ignorance

IIT.1 Equilibrium for Individual Investors

To this point we have not introduced any restrictions on short selling.
We have permitted any investor to go short as heavily as he wished on any
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security in the market. The effects of realistic restrictions on negative
holdings can most easily be developed by assuming that short selling of any
security (as distinct from borrowing) is prohibited, and that the amount of
borrowing at any given nominal rate of interest is restricted to be less
than some specified amount N?N+l)k for each investor. This involves add-
ing the additional comstraints

n., > 0; all k, and all i =1 ... N

ik
(22)

— n% .
n(N+1)k n(N+1)k.;'0’ all k.

to our previous derivations.

For greater generality we continue to assume there is no riskless asset
and that investors' probability assessments are heterogeneous. Bach in-
vestor maximizes his expected utility denominated in real end-of-period
wealth, subject both to his wealth constraint and the constraints on short
selling. Drawing upon the analysis of section II, this involves the max-
imization*? of

Q= mPhy - amAn/2
subject to (4c*) and also to (22), and we specify that Po(N+l) = 1. After
forming the appropriate Lagrangian expression and using the Kuhn-Tucker
theorem, we find that, conditional on any possible vector of current market
prices P _, the conditions for the k'th investor's optimal investment

position EZ (including his holding of the nominally riskless asset or bor-

rowing) are
w0 _ 35 _ © . .
(23a) akagk Blk gkgo + s (N+1 equations)

when the further conditions

“%See pages 373 and 374.
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(23b) n >0, i=1...N,

ik --

2 %
(23¢) a1k T MMk,
(23d) u,, > 0, i=1...N+1,
ik -
nikuik =0, i =1 N,
(23e)

Tu 0

Mo ™ Ptk aune = 0
are simultaneously satisfied, and Ui Are the shadow prices of the corres-
ponding constraints (23b) and (23c) for each of the (N + 1) investments
available. The reader will note that we have "solved out" an additionsl
equation for the shadow-price of the investor's wealth constraint as on
page 375above. This shadow-price CO

x Stiil measures the marginal
certainty-equivalent of his real end-of-period wealth, but its value now

depends upon the constraints (23b-e) as well as his assessments of E?k

and Zt and his risk aversion a, as well as upon the particular set of

current prices facing him in the market. We also observe that ;i will be

larger than its value in the case without short selling constraimts.'!
Conditional upon any set of market prices Eo’ and (23b-e), the in-

vestor's optimal schedule of holdings of each security is given by

' o_ -l..lis, ,.0 o -
(23a") o = A IRty - BB

Whenever any investor's demand for any one or more securities would be
negative without considering the constraint on short-selling, the effect

of imposing the non-negativitv constraints o > 0 is to force some of

“Ifhe latter conclusion reflects the fact that the imposition of an
effective constraint will in general lower the maximum certainty equivalent
of ending real wealth Qi attainable by any investor, thereby raising the

marginal value Ci.
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the shadow-prices in Uy > 0 to sufficiently large positive values as to
make the corresponding subsets of inner products

. ' l
(231) Ejak [P* +d°

up - 2,1 2 0,

and this inner product will equal zero with respect to the subset of stocks
which do not appear in the investor's equilibrium portfolio. Moreover, if
we now let §k represent the original (MW1) x (N+1) matrix Zﬁ after the
elimination of all rows and columns representing stocks for which his equi-
1ibrium demand (given the equilibrium set of market prices) is zero, and let
a double carat over a vector have the corresponding interpretation, each in-
vestor's demand for the securities in his portfolio after solving (23a-e)

is accurately summarized by the solutions of the "reduced form"

N 2 oA
3 -
(23£) akag [Plk CkEo]
since uy = 0 for all stocks positively held in his equilibrium portfolio;

for convenience later, these positive demands for securities will also be

written explicitly

-1R -1 2
= %
ay, zx ~[P

B »

1 _ OQ
(23£9) 1k~ Aol
Finally, it will be recalled (last two paragraphs in section 11.1,
pages 376-377) that important properties of the investor's personal equi-

1ibrium involved adjustments in the aggregate variance in real dollar terms

which ig_attributable to each (and to the marginal) shagg»gﬁ»hiE_holding of

.th
the 1 security or debt, measured by VlkA_ e, ank It is apparent that

all these further conditions of personal equilibrium stated above hold

exactly for all stocks 1nc1uded positively in the investor's portfolio and

represented in Zi and Blk' The only stocks for which these same condi-

tions do not hold exactly are those which do not appear at all in the in-

vestor's portfolio. Moreover, we see that

(24) vik = i = e'!Z¥n

o = yx°
k=k  =1i"k-k 1k

~
*n
*n
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. o] N o] .
The corresponding vectors vk and Yi differ only by zeros inm the latter
for elements representing stock not held in equilibrium portfolios. From
(23a) and (23f) we comsequently have two further equivalent statements using

(24) of the conditions of personal equilibrium for the individual investor:

23 %0~ Px @ . 0
(23g) AYE TPt a7 5B
and

9 AgC 2 03
(230) e T P T o

Note in particular that the variance assessments relevant to an investor's

equilibrium. Although an obvious point, this observation has critically

important consequences brought out below.

derived without reference to any comstraints. Under these circumstances

Ui = ¢ for all stocks and all investors, and the vectors in (23f') will
be identical to those in (23a'). The sufficient conditions for n

asset with an agreed return r¥*, and {(b) ideptical price assessment through-
1ik = ﬁlim = ﬁli]’ with (cl) identical covariance

= 2] or (c2) all covariance assessments S,, = 0
m 7 e ijk

out the market [all P
Z

matrices"? [all Zk =

“25ee section I.4.2(i), pages 363 and 364 above. Under these condi-
tions, ooy > 0 for all i and k without comnsideratiocn of any shori-

selling constraints.
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throughout the market"® [all Zk diagonal]. Note that short selling con~-
straints have no effects on market prices even when variance assessments
differ among investors, provided all covariances are zero and there is a

riskless asset.

I1I1.3 Sufficient Conditions for Short Selling Constraints
to Re Effective

Short selling constraints will in principle affect investor's port-
folios and equilibrium prices in the market if (a) there is no riskless
asset so that Ci differ among investors, QE,(b) if all investors do not
assess identical vectors of expected end-of-period prices Elk'
conditions (a) and (b) are absent, any differences in assessments of non-

Even when

diagonal covariance matrices ZkA which would otherwise lead to any short

selling will of course also activate the constraints. Even if all covar-
jances are ignored and all expected future price assessments are identical,
diversity in gi due to the absence of a riskless asset would lead to short
sales of some securities by some investors in the absence of a short selling
constraint,““ and condition (a) above is therefore sufficient. Condition

(b) is seen to be sufficient to activate the short-selling constraints by
noting that even if there is a riskless asset (so that all Ci = Cg =1+ t*)

and covariances are zero, different investors will generally be relatively

“3yith (a), (b) and (c2), the number of shares of the ith stock held by
the k& investor will be nyy = [ﬁli - (l+r*)POi]/akSiik. The numerator
must be strictly positive for any investor to hold any of the stock, and_it
must obviously be positive for the market to clear; but with all Pyip = P14»
if the numerator is positive for one investor, it will be positive for allj;
and consequently nj; > 0 for all stocks and all investors, since all ap
and Sj4p > O necessarily. Since mny = Ixnjy, We can sum over all investors
and see that when there is a riskless asset and expected values are assessetd
the same by different investors, the fraction of the i security held by
the k' investor will be fip = 04 /ng = ail/Zkail if variance assessments
are the same and fy) = akl Siik/zkai Si;t if they differ.

“*yith no covariances but all ﬁlik = Fli: whether a stock is held (see
previous footnote) depends upon the sign of the numerator in [Pyy - Cﬁ?oi]o
/a Siik- We observe that one or more investors (those with the smallest Iy)
w1§l have positive holdings of every one of the N securities in their in-
dividual portfolios; but as one moves along the spectrum to investors with
larger gy, there will be a progressively smaller number of securities appear-
ing in their respective portfolios if short selling is restricted.
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more optimistic or pessimistic on different sets of stocks; with no con-
straints, those stocks on which an investor is relatively pessimistic would
be sold short; but with the constraint, each investor will have ao short
positions and will simply hold that subset of stocks for which his expecta-
tions are most optimistic relative to those of other investors. Inci-
dentally, note also that diversity in the assessment of expected ending
prices ﬁlik among investors is sufficient to remove the implication that
any one or more of the N securities must be held by any one investor in

the market.

III.4 Equilibrium Market Prices and Their Agpregation Properties

5

. . . . o
As in section II1,"® the first N elements in the vector et repre-—

sent the given and fixed outstanding supplies of each of these securities

n?. The usual equations (23a) and (23f) for each investor's personal equi-

librium imply the following market clearing conditions

_ o _ 5y ~l,1is N _ 0
(2% A DL SV M N

These in turn cen be solved for the equilibrium vector of current market

~1,0,,-1,-1 -1

(o]
X
2 Sk

( Kk k )Mlgo’

-1 -1 ,= [0} -1
VAS X+ ou - y
Loa, 7 (Pil - &P) (2, a 7z

) kk k'k -

M investors with the equilibrium conditions stated in (25) and hence in

(26).
Since the outstanding supply of each of the first N assets is nec—

. . . . . "
essarily positive, our equations for equilibrium prices based on "the

“3See page 378 above. Note that as above, the condition POEN¢1)~ 1
takes the place of the usual market clearing requirement for the (N + 1)th
asset since it is still assumed in unrestricted supply. We thus retain
N + 1 conditions for the solution of the N + 1 simultaneous market rela-
tions in (24) and (25). Note also that the market's aggregate net holding
of (or net debt position in) the nominally riskless asset is still

NoDm T Skt e )k
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market'" as a single price-taking entity are still identical to those given
in section II.3 above (pages 378 and 379). It is consequently tempting to
equate corresponding terms in (16m") and (26) and to conclude that all the
identifications and conclusions reached in section IT continue to hold in
this more general case after (a) the sum (Eik + gk) is substituted when-

ever appears alone in the earlier equations and text, and (b) allow-

P
1k o ,
ance is made for the larger values*® of Cm in this constrained case. "

Such a conclusion, however, would be incorrect. Among other things, it

would imply that when purely competitive security markets are in equilibrium
after the imposition of effective constraints on short selling, the market
price of risk is the same for all securities and it is not. Such an
identification of (26) with (16m") would also imply that the shadow price

of market wealth relevant to the pricing of all securities is the same for
all securities, and it is not. This identification would also imply that
the market's covariance matrix Z; is the same weighted average of the in-
verses of its participating investor's full (N+1)-rank covariance matrices
as given by (21), even when there are effective short-selling constraints,
and it is not.

In the course of proving these assertions, we will also show that --
although (26) is a perfectly valid equation for the vector of market clear—
ing when all investors are in personal current prices equilibrium and, in-
deed, must be used for various other purposes —- this statement of market
equilibrium prices involves redundancies which obscure important properties

of any particular market equilibrium position. Specifically, the general

equilibrium equations (26) do not bring out -- and actually seem to be
misleading with respect to —-- the partial equilibrium conditions for any one

security when all markets and all investors are in full equilibrium.“a

“635ee footnote 41.

“7In the special case with a riskless asset, the analysis of section II
showed that all Ci = Cg = 1 4+ r%, With this specification, the correspond-
ing spurious inference would be that all the conclusions reached in section
I also continue to hold even with restraints on short selling, after the in-
dicated substitution of Pjy + uy, for the symbol Pjy is made.

48 . . . .
The reader will note that, in contrast to excessively common practice

in discussions of conditions of “partial equilibrium," we will explicitly

derive our conclusions regarding the '"partial" conditions for an individual
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To establish these propositions, we assume that each investor 1 ... M
has solved the full set of equations (23a,b,c,d,e) representing his personal
equilibrium conditional on the equilibrium market clearing vector of prices
Eo' We then renumber the investors in the market so that the inner product

ith

for the stock in equation (24) is zero for the investors k = 1, ...,

k' - 1. These investors do mot hold the stock —-— their n?k = 0 — in their

preferred personal portfolio at market equilibrium prices Eo' Correspond-

ingly, this inner product for the ith stock will be strictly > 0 for in-

vestors numbered k = k', ..., ..., M. If Ik indicates summation over

k=1 ... M, and Zi indicates summation only over k = k' ... M, the mar-
th

ket clearing equations (25) for the i stock may now be written

o io i-1.,..-1->- o o]
25a n, = I n,. = &n. =1 1ZF o+ - .
(25a) 17 Mk T APk T Bl o4k Bty - g R )
Each of the investors numbered k = k' ... M has n?k > 0, a strictly
. . .th . .o
positive holding of the 1t stock at these prices, but the non-negativity
constraints will have eliminated certain other stocks from each of their
portfolios. If we now substitute the equivalent"® “reduced form" equations

(23f) or (23f') for each investor, market clearing equation {25a) for the
th

i stock can consequently be further simplified to
(25b) n? = 5 a? = Zino = Zia—le'é*-l[%* - CO§ ].
i kTik kTik k"k =ik ‘-1k k-o

This equation, of course, cannot be directly solved for the eguilibrium
price of any stock because ﬁi and Eg have a different rank (and covers a
different subset of stocks) for each investor,50 but because we are only

security to be in Pareto-optimal, market-clearing equilibrium from the gen-
eral equilibrium conditions for the entire market given by equations (23a-e)
and (25).

“9By construction, the solutions for np of the reduced form syuations
(23f) for any kth  investor are identical to those given by the solutions
to his full set of equilibrium condit

*01n general, both the particular subset of stocks in each Z§ and the
subset of investors included in the summation for any one stock will depend
upon the particular vector of current market prices P, which satisfy the
full set of equilibrium conditions in the market given by (23a-e) for every
investor and by (24) for the market as a whole. This, however, clearly
creates no problem for present purposes.
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seeking a valid statement of the equilibrium price P,y of any one stock

when all investors and all other stocks are in full equilibrium, we can pro-

ceed as follows. We define a (row) vector of numbers gﬁ such that

-1.2 oR
* - E
0 [Bf — TiB,)

[a=bbl
—
i

@7 2 e °%

when all current market prices in P are equilibrium market prices. The

(o}

A
economic interpretation of g is clearly the set of variance assessments

which (with all covariances zero) would have led the th investor to hold

the identical portfolio of securities at market equilibrium prices as the

set he actually chose to hold on the basis of his "full" covariance matrix

~ ~
~

Zk. (The "as if" numbers ék depend upon all his assessments and upon the

vector of market prices, but they do fully incorporate his covariance

assessments given the equilibrium vector of market prices). After substi-

tuting the right side of (27) in (25b) we have

[ i l -1

o . = Pr . - (°
(25¢) 0 = 5,02y = Tad = B OBl - GPogl s
which in turn shows that the equilibrium prices1 of the ith stock when the

whole market is in full equilibrium is related to individual investor's

parameters and assessments by

1
11k lik

1,-1 o

W (Y Zk K Ck 1K) i

(26a) P . = (Z ) -«

Ek iik

Given equilibrium prices for other stocks Poj’ j # 1, the equilibrium

. .th : : . ‘
price P ., for the 1" stock in eguation (26a) must be identical to that

" .th . . . .
given by the i row in equation (26). As an immediate corollary, we
have the following critically important propositions: apart from the (equi-

librium) prices of other stocks, the equilibrium price of any stock depends

SlNote that (25¢) is specifically not the partial equilibrium demand
function for the ith security, given Eaaillbrlum prices on other assets;
but it is an equilibrium condition for P,;, given equilibrium elsewhere,
and that is all we need for present purposes.
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o
only on the a,  and C¥" of those who own it, together with the assess-

ments Zk and Ek of this subset of investors with respect to the varicus

subsets of stocks which appear with positive holdings in their respective

equilibrium portfolio. In particular, the equilibrium price of any 1th

stock is independent of all the assessments and the risk aversion and the

. . . o .
marginal real wealth certainty equivalents oy of all investors who do not

they do not hold in their equilibrium portfolios.

These propositions in turn have further important corollaries. The

.th . . . . .
the 1 stock to the weighted average expectation of ending price given

by the preceding term, and this risk adjustment can be expressed in terms

hold it. Specifically, we have

(28) (Ziaigioi;i)'l = YiC:i iim?

where

(28a) YT Ay " (Zia;l)"l,

and

(28D) c;i= et 2, wik - a;l/Zia;l,

and

(28¢) Osim = (Ziwiszkgi;i)Wl’ wék - i

Similarly, the first term on the right side of (26a) represents the market's

. . .th
weighted average assessment of the expected ending price of the i stock,

- idi 1=

(26d) Plim -

= Ot ak ik 1k
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The derivation of these relations exactly parallels that on pages 379-382

th
above®? with respect to the subset of imvestors who hold the i stock.

Beyond emphasizing that the parameters and assessments of all other in-

vestors are irrelevant to the equilibrium price and "the markets" assess-

ments regarding the ith stock, nothing more need be said of the market's
composite weighted average assessment of the expected ending price §lim
and "as if'" variance 9 im of any stock.

3 oi
With respect to the shadow Ericg_ggrgbgrmarket's wealth constraint Qm

.th . .
relevant to the equilibrium price of the 1 stock when there is no risk-

less asset, however, more does need to be said. We know that in general

different subsets of investors will hold each different stock in equilibrium
. oi
when short selling constraints are effective. Consequently, since Cm is
o . .
a weighted average of the Ck over the subset of investors who hold this

stock, C§l will in general have a different value for every different

stock in the market when all investors and all stocks are in equilibrium —-

i.e., 5;1 # C;J unless identical subsets of investors hold stocks i and

. £ st oi .
j in equilibrium. Moreover, §m may be either larger or smaller than the

unique value Cg (common to all stock) derived in section II in the absence
of short selling constraints.

In (28a), A is the market price of risk relevant to the equilibrium
price of the ith stock, and am(i) is the corresponding 'market risk
aversion' relevant to the ith stock in equilibrium. These measures are
equal for the usual reasons for any ith stock. But since Yi in equili-

brium for any stock depends only on the risk tolerances of those investors

who actually53 hold it, whenever short selling constraints are effective,

h
the market price of risk relevant to the partial equilibrium of any it

stock is necessarily larger than when such constraints are absent or in-

effective. Since a;l > 0, (2;3;1)“1 > (Zkall)—l. The economic rationale

52por (26d), compare pages 367-369.

53These holdings must be positive (long) when short selling is prohib-
ited, as we have been assuming for expositional convenience. Obviously, if
short selling were merely restricted, the a of all those who affirmative-

ly hold the stock long or short would affect its Yo but those with corner
solutions on the stock would be irrelevant to its market price of risk.

395

Copyright © 2001. All Rights Reserved.



is that in the absence of constraints the (smaller) market price of risk
is "pricing out" all the added risks of all the variances and covariances
of the ith stock with other stocks in the portfolios of all the investors
who would hold it (short) in the absence of the short-selling comstraint,
but who do not hold it at all when short selling constraints are effective.

In effect, the jwposition of short-selling constraints reduces the effective

size of the market for the ith stock, and I have shown elsewhere [10]

In spite of its reduced size due to effective constraints on short

. .th . .
selling, the market for each 1 stock continues to satisfy all the con-

ditions of pure competition, and all the covariances between the different

stocks appearing in each investor's equilibrium portfolio are fully incor-
. . . .th .
porated in his risk assessment for the 1 stock (and hence in the market's

"as if'" assessment). Nevertheless, when short-selling constraints are

market

.th . ; .
i stock in general differs from EEEE of every other stock in the

-~ once again, because different subsets of investors hold different stocks
when short selling is restricted. Indeed, Y~ Yj only if the sum of the
risk tolerances of the subsets of investors who hold the two stocks is the
Same .

We observe that <y had a unique value applicable to the equilibrium
of all stocks under the conditions of sections I and II above only because

those assumptions in the absence of a short selling constraint implied that

every one of the M investors in the market would hold some positive or

N securities available in the market

(as well as of the nominally riskless asset).

ITI.5 Aggregation of Assessments in Market Equilibrium Using
Fractional Holdings of the Outstanding Supply of Each Security

We mavy briefly observe that the alternative aggregation of investor's
preferences and assessments introduced in section 1.4 continues to be wvalid
in all essential respects when there is no risk asset and when short selling
constraints are effective. Suppose each investor has solved his full set
of personal equilibrium equations (23a,b,c,d,e) conditional on any possible

vector of market prices PO, and has substituted these ''conditional
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solution values" nzk back into (23a) and (23g). The conditioning vector

of market prices will be an equilibrium vector if and only if anzk = anz,

the available supply, for each of the first N securities. We now impose
) . o _ o _ 0,0 .
the equivalent requirement Zkfik = 1 (where fik nik/ni’ as before) in

order to characterize market equilibrium prices.

After multiplying all terms in the investor's equilibrium conditions

(23g) by fik and summing over all investors, we have

[o] [o] : = [o] * _ sl *
(29a) Cef 18105 = Bl Tae ~ Af ik

which is equivalent to

1.0 L4 _ i.o «©
EirPiie T I ik

(29b) (B 5 TP, = 2
since fzk = 0 for all investors mot included in Zi.

The absence of a riskless asset makes the market's assessments pro-
portional to (rather than equal to) the simple weighted averages of in-
vestor's assessments. Effective short selling constraints limit the effec~
tive range of the summation to those investors who hold the stock. But as
in the simpler cases, each investor's risk adjustment incorporates both his
risk aversion and his assessment of the marginal risk contributed by the
ith stock to the real ending valuations of his equilibrium portfolio. And
as in the simpler cases, the composite of each investor's preferences and
assessments regarding expected ending values and marginal portfolio risks
of the stock are weighted by his fractional holding in equilibrium of the
outstanding supply of the stock. Not only are all the preferences and
assessments of all those who do not hold the stock ignored in the aggrega-

tions determining the current price of the stock; the preferences and

assessments of those who do hold the stock get greater weight in proportion

to the amount of the stock they hold.

111.6 Some Effects of Sheer Ignorance

In section I of this paper, we generalized the usual models of purely

competitive stock prices by allowing for the fact that investor's probability
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judgments differ. In section II, we abandoned the assumption of a riskless
asset, and we have just shown certain major consequences of effective res-

trictions on short selling when investors all enter the market with assess-

ments of Elk and Zk with respect to all the N + 1 securities availahle

in the market. But in actuality, most investors simply have no judgments

whatsoever with respect to most of the stocks available in the ma

major institutional investors with large staffs only attempt to "follow" two

or three hundred stocks out of the many thousands available, and "small'
investors are entirely ignorant of all but very small subset of stocks. "

This important factual circumstance can be readily introduced into our

A

formal analysis. All we need to do is let Elk and 2 represent the

k
th .
assessments of the k™ investor over the subset of stock for which he does

~

have an assessment. In general, each investor's and Zk now have a

1k
different rank, and cover a different subset of stocks, and differ in their
assessments with respect to any common pair of included stocks.

If there are no short selling constraints, we need only to substitute
these vectors and matrices for the Efk and Zi used in section II. The
market clearing conditions then immediately give equations (25b) of section
ITI, with a single instead of a double carat over the vectors and matrices.
When different investors have judgments or assessments over differing sub~
sets of the stocks being traded im the market, the purely competitive equi-

librium vector of current market prices is the unigue vector comsistent with

the satisfaction of (25b) simultaneously for all the N stocks in the mar-

ket. All our conclusions in section III.4 conseguently also apply with full




The analysis of sections III.4 and 5 obviously already covers the case
where there is both widespread ignorance concerning most stocks on the part
of most investors and short selling is also restricted;°® the qualitative
conclusions are the same as when either is present separately, but they are

much stronger in empirical significance.

5515 this case, the investor's equations (23a~e2 for his conditional
personal equilibrium are simply solved in tegms of Ef and ﬁi instead
of ?ik and Zi (as in I1I.4 above), and E{k and %ﬁ will be derived
from these conditional solutions, but will have exactly the same interpre-
tation as before.
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