Deterministic Dynamic Programming

1 Value Function

Consider the following optimal control problem in Mayer’s form:

V(to,z0) = inf J(t1,2(t1)) (1)
subject to z(t) = f(t,z(t),u(t)), x(ts) =x0 (state dynamics) (2)
(t1,2(t1)) e M (boundary conditions). (3)

The terminal set M is a closed subset of R™*!. The admissible control set I/ is assumed to be the
set of piecewise continuous function on [tg,#1]. The performance function J is assumed to be C*.
The function V'(-,-) is called the value function and we shall use the convention V (o, xog) = oo if the
control problem above admits no feasible solution. We will denote by U(xo, ty), the set of feasible
controls with initial condition (xg,%), that is, the set of control u such that the corresponding

trajectory x satisfies z(t1) € M.
Proposition 1 Let u(t) € U(xo,to) be a feasible control and x(t) the corresponding trajectory.
Then, for any to < 11 < 7 < t1, V(m,2(m1)) < V(m,z(m2)). That is, the value function is a

nondecreasing function along any feasible trajectory.

Proof:

Corollary 1 The value function evaluated along any optimal trajectory is constant.



Proof: Let u* be an optimal control with corresponding trajectory z*. Then V (tg, z¢) = J(t1,2*(t1)).
In addition, for any ¢t € [tg,t1] u* is a feasible control starting at (¢,2*(t)) and so V(t,z*(t)) <
J(t1,2*(t1)). Finally by proposition (1) V(tg,z9) < V(t,z*(t)) so we conclude V(t,z*(t)) =
V (to,zo) for all ¢ € [to,t1]. N

According to the previous results a necessary condition for optimality is that the value function is

constant along the optimal trajectory. The following result provides a sufficient condition.

Theorem 1 Let W(s,y) be an extended real valued function defined on R™*1 such that W (s,y) =
J(s,y) for all (s,y) € M. Given an initial condition (tg, zo), suppose that for any feasible trajectory
x(t), the function W (t,xz(t)) is finite and nondecreasing on [to,t1]. If u* is a feasible control with
corresponding trajectory x* such that W (t,z*(t)) is constant then u* is optimal and V (tg, o) =
W (to, x0).

Proof: For any feasible trajectory =, W (to, zo) < W(t1,z(t1)) = J(t1,z(¢t1). On the other hand, for
x*,W(to,fL'o) = W(tl,x*(tl)) = J(t1,x*(t1). [ |

Corollary 2 Let u* be an optimal control with corresponding feasible trajectory x*. Then the

restriction of u* to [t,t1] is an optimal for the control problem with initial condition (t,z*(t)).

In many applications, the control problem is given in its Lagrange form

Vito.zo) = _inf /t LG (1), u(t)) dt ()
subject to z(t) = f(t,z(t),u(t)), x(to) = zo. (5)

In this case, the following result is the analogue to proposition (1)

Theorem 2 (Bellman’s Principle of Optimality). Consider an optimal control problem in Lagrange

form. For any u € U(s,y) and its corresponding trajectory x
Vis,y) < / L(t,x(t),u(t)) dt + V(r,z(1)).

Proof: Given u € U(s,y), let © € U(T,z(T)) be arbitrary. Define

Thus, @ € U(s,y) so that
Vis,y) < /1L(t,:i(t),a(t))dt:/TL(t,x(t),u(t))dt—i—/lL(t,fc(t),ﬂ(t))dt. (6)
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Since the inequality holds for any a € U(7,z(7)) we conclude
V(s,y) < / L(t,z(t),u(t))dt + V(r,z(7). 1

Although the conditions given by theorem (1) are sufficient, they do not provide a concrete way to
construct an optimal solution. In the next section, we will provide a direct method to compute the

value function.

2 DP’s Partial Differential Equations

Define Qg the reachable set as

Qo = {(S¢y> € R U(s,y) 7& (D}
This set define the collection of initial conditions for which the optimal control problem is feasible.
Theorem 3 Let (s,y) be any interior point of Qp at which V(s,y) is differentiable. Then V (s,y)

satisfies

Vs(s,y) + Vy(s,y) f(s,y,0) 20 forallv e U.

If there is an optimal u* € U(s,y), then the PDE
{)nelll}{vts(sv y) + Vy(57 y) f(sv Y, U)} = 0

is satisfied and the minimum is achieved by the right limit u*(s)* of the optimal control at s.

Proof: Pick any v € U and let z,(t) be the corresponding trajectory for s <t < s+¢, € > 0 small.

Given the initial condition (s,y), we define the feasible control u, as follows

v s<t<s—+e
UE(t):{ i

(t) s+e<t<t.

Where @ € U(s + €,2,(s + €)) is arbitrary. Note that for e small (s + €,2,(s + €)) € Qp and so
ue € U(s,y). We denote by z(t) the corresponding trajectory. By proposition (1), V (¢, z(t)) is

nondecreasing, hence,

>0

T V(t-l—h, Jje(t+h)) - V(t, xe(t))
DYV (t,z.(t)) := 1}1?01 -

for any t at which the limit exists, in particular ¢ = s. Thus, from the chain rule we get

DTV (s,xe(s)) = Va(s,y) + Vy(s,y) DT ae(s) = Va(s,y) + Vy(s,y) f(5,,0).



The equalities use the indentity z.(s) = y and the system dynamic equation DT z(t) = f(t, e, uc(t)™h).

If u* € U(s,y) is an optimal control with trajectory x* then corollary 1 implies V (¢, 2*(t)) =
J(t1,z*(t1)) for all t € [s,t1], so differentiating (from the right) this equality at ¢ = 2 we conclude

Va(s,9) + Vy(s,9) f(s,9,u™(s)T) = 0. n
Corollary 3 (Hamilton-Jacobi-Bellman equation (HJB)) For a control problem given in Lagrange
form (4)-(5), the value function at a point (s,y) € int(Qo) satisfies
Vi(y, s) +Vy(s,y) f(s,y,0) + L(s,y,v) 20 for allv e U.

If there exists an optimal control u* then the PDE
ggg {‘/;(y> 3) =+ Vy(5> y) f(sv Y, U) =+ L(Sv Y, U)} = 0

is satisfied and the minimum is achieved by the right limit u*(s)t of the optimal control at s.

In many applications, instead of solving the HJB equation a candidate for the value function is
identified, say by inspection. It is important to be able to decide whether or not the proposed

solution is in fact optimal.

Theorem 4 (Verification Theorem) Let W (s, y) be a C! solution to the partial differential equation
gél(r]l{vte(sa y) + Vy(S, y) f(Sa Y, U)} = 0

with boundary condition W (s,y) = J(s,y) for all (s,y) € M. Let (to,x0) € Qo, u € U(ty,z0) and x
the corresponding trajectory. Then, W (t,z(t)) is nondecreasing on t. If u* is a control in U(ty, zo)

defined on [to,t]] with corresponding trajectory x* such that for any t € [to, t]]
Wi(t, 2™ (1)) + Wy(t, 2" (1)) f(t, 27 (t),u"(t)) =0

then u* is an optimal control in calU (ty, zo) and V(s,y) = W(s,y).

Example 1:
1
in J(to, o, u) = = ?
g, J(to, @0, u) = 5(2(r)
subject to @(t) =u(t), x(to) =m0

where |lul| = maxo<;<-{|u(t)|}. The HIB equation is minj, < {Vi(t,z) + Vo (t,2) u} = 0 with
boundary condition V (7, z) = %xQ. We can solve this problem by inspection. Since the only cost is
associated to the terminal state x(7), and optimal control will try to make z(7) as close to zero as

possible, i.e.,
1 x<0
u*(t,x) = —sgn(x) = 0 =0 (Bang-Bang policy)
-1 z>0.



We should now verify that «* is in fact an optimal control. Let J*(¢,2) = J(¢,z,u*). Then, it is
not hard to show that 1
J(t,2) = 5 (max{0; z] — (7 —1)})?

which satisfies the boundary condition J*(7,2) = 1%, In addition,
Ji(tx) = (el = (r=1))" and Ji(t,x) =sgn(x) (x| - (7 =)
Therefore, for any w such that |u| < 1 it follows that

Jit,w) + JE(tx)u= (1+sgn(x)u) (Jz| — (1 —t)T >0

with the equality holding for u = u*(¢, ). Thus, J*(t,z) is the value function and u* is optimal.

3 Feedback Control

In the previous example, the notion of a feedback control policy was introduced. Specifically, a
feedback control u is a mapping from R"*! to U such that u = u(¢,z) and the system dynamics
& = f(t,xz,u(t,x)) has a unique solution for each initial condition (s,y) € Qp. Given a feedback

control u and an initial condition (s,y), we can define the trajectory z(¢; s,y) as the solution to
= f(t,x,u(t,z)) =(s)=y.

The corresponding control policy is u(t) = u(t, z(t; s,y)).

A feedback control u* is an optimal feedback control if for any (s,y) € Qo the control u(t) =

u*(t, z(t; s,y)) solve the optimization problem (1)-(3) with initial condition (s, y).

Theorem 5 If there is an optimal feedback control u* and t1(s,y) and x(t1;s,y) are the terminal

time and terminal state for the trajectory

i=ftou(t)  a(s) =y

then the value function V(s,y) is differentiable at each point at which ti(s,y) and x(t1;s,y) are
differentiable with respect to (s,y).

Proof: From the optimality of u* we have that

V($7y) - J(tl(sa y)vx(tl(sv y); S, y))

The result follows from this identity and the fact that J is C1. g



4 The Linear-Quadratic Problem

Consider the following optimal control problem.

T
min 2(T) Qr z(T) + i [2(t) Qx(t) + u(t) Ru(t)] dt (7)
subject to  @(t) = Ax(t) + Bu(t) (8)

where the n x n matrices Q7 and @Q are symmetric positive semidefinite and the m X m matrix R

is symmetric positive definite. The HJB equation for this problem is given by

min {Vi(t,z) + Vu(t,z) (Az + Bu) + 2’ Qz + v/’ Ru} =0
u€R™
with boundary condition V(7T',z) = 2/ Qr x.

We guess a quadratic solution for the HJB equation. That is, we suppose that V(t,z) = 2’ K(t) x

for a n x n symmetric matrix K(¢). If this is the case then
Vit,z) =2K(t)z and Vgp(t,z) =2’ K(t)z.
Plugging back these derivatives on the HJB equation we get

min {x’f((t)x—|—2x’K(t)A:L'+2x’K(t)Bu—|—:L"Qx+u’Ru} =0. (9)
u€eR™

Thus, the optimal control satisfies
2BK(t)z+2Ru=0 =— u*=-R'BK(t)x.
Substituting the value of v* in equation (9) we obtain the condition
z' (K(t) + KA+ AK(t) — K(#)BRIB'K(t) + Q) =0 forall (£,z).

Therefore, for this to hold matrix K (¢) must satisfy the continuous-time Ricatti equation in matrix

form
K(t)=-K(t)A-A'K(t) = K(t)BR'B'K(t)—Q, with boundary condition K (T) = Qz. (10)

Reversing the argument it can be shown that if K(¢) solves (10) then W (t,z) = 'K (t)z is a
solution of the HJB equation and so nt the verification theorem we conclude that it is equal to the
value function. In addition, the optimal feedback control is u*(t,z) = —R™1B'K (t)x.



5 The Method of Characteristics for First-Order PDEs

5.1 First-Order Homogeneous Case

Consider the following first-order homogeneous PDE
ur(t, ) + a(t, v)ugy(t,z) =0, ze€Rt>0,

with boundary conditions u(z,0) = ¢(z) for all x € R. We assume that a and ¢ are “smooth

enough” functions. A PDE problem in this form is referred to as a Cauchy problem.

We will investigate the solution to this problem using the method of characteristics. The charac-

teristics of this PDE are curves in the z — t plane defined by

z(t) = a(z(t),t), x(0) = xo. (11)

Let # = Z(t) be a solution with #(0) = xo. Let u be a solution to the PDE, we want to study the

evolution of u along Z(t).

Wt 2(1)) = s, 3(0) + un (1, 2(0)) £(1) = welt,5(8)) + ua(t, (1)) a(@(t), ) = 0.

So, u(t, ) is constant along the characteristic curve Z(t), that is,

u(t, z(t)) = u(0,z(0)) = ¢(zg), Vt > 0. (12)

Thus, if we are able to solve the ODE (13) then we would be able to find the solution to the original
PDE.
Example 2: Consider the Cauchy problem

up+ru, =0, xR t>0
u(z,0) = ¢(x), xR

The characteristic curves are defined by
i(t) = (t), ©(0) = o,

so z(t) = xg exp(t). So for a given (t,x) the characteristic passing through this point has initial
condition 2o = x exp(—t). Since u(t,z(t)) = ¢(xo) we conclude that u(t,z) = ¢(x exp(—t)).



5.2 First-Order NonHomogeneous Case

Consider the following nonhomogeneous problem.

w(t,x) + a(t, z) ug(t,z) =b(t,x), xR t>0
u(z,0) = ¢(x), =R

Again, the characteristic curves are given by

Thus, for a solution u(t,x) of the PDE along a characteristic curve Z(t) we have that

Wt B(1)) = ug(t, 7 (1) + ug(t, B(1)) (1) = we(t, B(1)) + ua(t, £(t)) a(F(t), £) = b(t, #(t

~—
~—

Hence, the solution to the PDE is given by

along the characteristic (¢,Z(t)).

Example 3: Consider the Cauchy problem

U+ U=z, xTERt>0
u(z,0) = ¢(x), zeR.

The characteristic curves are defined by
z(t) =1, z(0) = =,

so x(t) = xg +t. So for a given (t,z) the characteristic passing through this point has initial
condition g = « — t. In addition, along a characteristic Z(t) = xo + ¢ starting at xo, we have

u(t, 5(8)) = b(xo) + / H(r)dr = (z0) + 3ot + 212

Thus, the solution to the PDE is given by

wlt, ) = bz — ) + <x _ ;) ‘.



5.3 Applications to Optimal Control

Given that the partial differential equation of dynamic programming is a first-order PDE, we can
try to apply the method of characteristic to find the value function. In general, the HJB is not a
standard first-order PDE because of the maximization that takes place. So in general, we can not
just solve a simple first-order PDE to get the value function of dynamic programming. Nevertheless,

in some situations it is possible to obtain good results as the following example shows.

Example 1:(Method of Characteristics) Consider the optimal control problem

in J(t =z 2
[nin (to, w0, u) = 5 ((7))
subject to (t) = u(t), x(to) = o
where |lul| = maxo<i<-{|u(t)|}.
A candidate for value function W (¢, ) should satisfy the HJB equation

min {Wy(t,z) + Wy(t,z)u} =0,

lu]<1
with boundary condition W (r,z) = 122
For a given u € U, let solve the PDE
Wi(t, x;u) + We(t, z5u)u = 0, W(r,z;u) = %an. (14)

A characteristic curve Z(t) is found solving

z(t) = u, x(0) = xp,
so Z(t) = xo + ut. Since the solution to the PDE is constant along the characteristic curve we
have 1 1
W (t, 5(t); w) = W(r, 5(r); w) = 5 (2(7))? = 5 (0 +ur)?

The characteristic passing through the point (¢, ) has initial condition 29 = x — ut, so the general
solution to the PDE (14) is

1
W(t,x;u) = 5(37 + (1 — thu)*
Since our objective is to minimize the terminal cost, we can identify a policy by minimizing

W (t,z;u) over u above. It is straightforward to see that the optimal control (in feedback form)
satisfies

-1 ife>71—t
u(z,t)=q¢ == if|zg| <71t

T—t

1 ife<t—r.

The corresponding “candidate” for value function W*(¢,x) = W (¢, z;u*(t, x)) satisfies

W(t,x) = % (maX{O; 2| — (7 — f)})2

which we already know satisfies the HJB equation.



6 Extensions

6.1 Connecting the HJB Equation with Pontryagin Principle

We consider the optimal control problem in Lagrange form. In this case, the HJB equation is given
by

min{Vi(t, @) + Va(t, @) f(t,2,u) + L(t,2,u)} = 0,

ue

with boundary condition V' (¢1,z(¢1)) = 0.

Let us define the so-called Hamiltonian

H(t,z,u,\) := \f(xz,t,u) — L(t, x,u).

Thus, the HJB equation implies that the value function satisfies

H(t —V,)=0
glea[}( ( » Ly, U, 33) )

and so the optimal control can be found maximizing the Hamiltonian. Specifically, let z*(¢) be
the optimal trajectory and let P(t) = —V,(t,2*(t)), then the optimal control satisfies the so-called

Maximum Principle

H(t,z*(t),u”(t), P(t)) < H(t,x"(t),u, P(t)), for all u € U.

In order to complete the connection with Pontryagin principle we need to derive the adjoint equa-

tions. Let x*(t) be the optimal trajectory and consider a small perturbation x(¢) such that

x(t) = z*(t) + (), where |6(t)] < e.

First, we note that the HJB equation together with the optimality of z* and its corresponding
control u* implies that
H(t, 2" (t),u”(t), =Va(t, 2" (1)) — Vi(t, 2" (t)) = H(t, z(t),w" (1), =Va(t, 2(1))) — Vi(t, z(t)).

Therefore, the derivative of H (¢, z(t), u*(t), =V (t,z(t))) + Vi(t, x(t)) with respect to x so be equal
to zero at x*(t). Using the definition of H this condition implies that

—Vaa(t, 27(2)) f (2, 27 (1), w" (1)) = Va(t, 27 (1)) fult, 27(2), w" (1)) — Lo (t, 2™ (1), u™ () = Var (2, 27 (£)) = 0.

In addition, using the dynamics of the system we get that

Va(t, 2" () = Via(t, 2" (1)) + Ve (t, 27 (1)) f (2, 27(1), u" (1)),
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therefore

Va(t,x*(t)) = Vu(t,z*(t)) f(t, 2" (t), u™(t)) + L(t, z*(t), u"(t)).
Finally, using the definition of P(¢) and H we conclude that P(t) satisfies the adjoint condition
P(t) = 5~ H(t, 2" (0,0 (), P(1).
Ox
The boundary condition for P(t) are obtained from the boundary conditions of the HJB, that is,

P(t1) = —Vx(t1,2(t1)) = 0. (transversality condition)

6.2 Economic Interpretation of the Maximum Principle

Let us again consider the control problem in Lagrange form. In this case the performance measure
is

T
V(t, ) = min /0 L(t, 2(t), u(t)) dt.

The function L corresponds to the instantaneous “cost” rate. According to our definition of P(t) =
—V(t,z(t)), we can interpret this quantity as the marginal profit associated to a small change on

the state variable z. The economic interpretation of the Hamiltonian is as follows:

Hdt = P(t) f(t,z,u)dt — L(t,z,u)dt
= P(t)&(t)dt — L(t, z,u)dt
= P(t)dz(t) — L(t, z,u) dt.

The term —L(t, z, u) dt corresponds to the instantaneous profit made at time ¢ at state x is control u
is selected. We can look at this profit as a direct contribution. The second term P(t) dz(t) represents
the instantaneous profit that it is generated by changing the state from x(t) to x(t) + dx(t). We
can look at this profit as an indirect contribution. Therefore H dt can be interpreted as the total

contribution made from time ¢ to ¢ + dt given the state x(¢) and the control u.

With this interpretation, the Mazimum Principle simply state that an optimal control should try to
maximize the total contribution for every time ¢. In other words, the Maximum Principle decouples
the dynamic optimization problem in to a series of static optimization problem, one for every time
t.

Note also that if we integrate the adjoint equation we get

t1
Pit)= [ H,at.
t

So P(t) is the cumulative gain obtained over [t,¢;] by marginal change of the state space. In this

respect, the adjoint variables behave in much the same way as dual variables in LP.
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