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ABSTRACT We show that linear Ricardo models with

varying parameters have many of the properties usually as-
sociated with models having economies of scale.

Section 1. Introduction

This paper analyzes the classical linear Ricardo model of
international trade. We wiil allow the efficiency parameters of
the model to vary and consider all possibie outcomes. We will
first show that the equilibrium outcomes are confined in a
region with a definite shape that has significant economic
consequences. Then we will analyze motion in this region as
cfficicncy parameters change through “learning by doing.” We
will show that many of the outcomes obtained in the economies
of scale work of Gomory (1) and Gomeory and Baumol (2), such
as the conflict in the interests of two trading countrics, occur
in this linear model also.

We use production (unctions of form e;;; and fix the sizes
L; and the demands d;; of the two countries as well as 7, the
number of industries, so that each model is specified by £ =
{ei;1. However, instead of dealing with the equilibrium point
of one model we will discuss the equilibrium oulcomes of all
possible models—i.c., all possible s We will use the notation
and diagrams of our earlier papers, We represent an equilib-
rium point with national incomes 7 and Zy and uiilities £/, and
Us by a point py in a (2, Uy) diagram or a point gy in a (75,
Un) diagram, where Z; Yi/(dia¥y + dizYz) s the relative
national income of country f. We will use Cobb—Douglas utility
throughout,

Equilibriam. The equilibrium conditions will be as before so
that we have

z'\.i.l(d!.izi + ;A s) = 2

i
and Y xo{d, 2+ di L) = s, [1.1]
i
where the market share variables x;; represent the share of the

world market for the ith good that is supplied by country /. We
also have the condition that at equilibrium
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x>0, then - = -~ and if x;5 > 0, then - i 11,21
: Wy W - Wa W

This implies that

ifx; ) = Gand x> =0, then = (”u
Wi oIy
Normatization. Although we will consider many dilferent ¢
values, we will assume that there is some best possible tech-
nology e/ Without any loss of generality we can assume
that ¢; /7 = | 50 ¢;; = 1.
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Section 2. The Region of Equilibria

We will adopt the notation (x, 7, &) to refer (o the equilibrium
peint whose markel share variables are x5 whose relative
income or share of world income is Z = (7, Z1}, and whose
efficiencies are & = {e;;}. [T we work oul the utility of (v, Z, &)
we obtain points 7y and py in the (2, U4} and (Zs, Us) planes.
Since Zy + Z; = 1 we can as before combine these two
diagrams into a single diagram (sce, for example, Fig. 1), one
where Z;is measured from Qo Tand Z, = 1 — Z, is measurced
from | to 0, while Uy is measured on the right-hand vertical axis
and Us is measured on the lefl-hand vertical axis. In this
diagram cach equilibrium is represented by the two points p,
= (Zy, Uy) and py = (7o, Uz). We will refer to py and pa as
equilibviun: points for country 1 and country 2, respectively,
but by this we mean no more than that there is an equilibrium
(x, Z, &) from which they are obtained. Since one point in the
(U, 2 plane can correspoend to many equilibria (x, Z, &), we
need the following definition:

Definition: Two equilibria (x, Z, &) and (", Z', &'} arc called
equivalent i x = &', Z = Z", and y;; > 0 implics ¢;; = ¢y

Equivatent equilibria differ only in the cfficiency of non-
producing industrics, so they have the same utility and there-
fore correspond to the same point in the (Z, U) plane.

Lumma 2.1, There are equilibria for every Z.

Lisava 2.2, H (x, Z, &) is an equilibrium, so is (x, Z, Ag) for
any 0 =< A =0 1.

LemMa 23018 (X, 27, &) is an equilibrium with wtilice Uy, all
ifre points below (25, Uy on the vertical line 7 = 2y are also
equilibria,

Next we have

Turorim 2.1, There is a cuorve Uy = B (7Z) such that every
point of the (Z, Uy diagram under Uy = B{(Z) is an equilibrivm
poini.

Linearized Utility. Just as in refs, T and 2 we define the
Hncarized utility by

Ly, Z, &) = Sixidi in Fy (Z)q, (1, Z,, &)

+ xaddiIn F ((Zq: (0, Za, &)} [2.1%

This leads to the useful

THEOREM 2.2, The wtility Wi{x, Z, &) and the linearized utility
Lux, Z, &) are equal ar every equilibrivim point.

Linear Programming. Wc write & for vector ¢;; = 1. Con-
sider the linear programming problem

In By(7Z) = Max, Lu v, Z, &)
Sllb_ie(:l {¢) z_{d,JZ] - ([;_gzﬂ,\','_] == Z|

and 0=, =1, [2.2]

The solution x(Z} o this problem for each Z gives us a curve
Uy = Bi(Z) inthe Z, U diagram. We assert that B,(7) is always
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above the region ol equilibria, Maore precisely (recaliing The-
orein 203,

THEOREM 2.3, Bi(Z) = B(Z).

in addition lhc two curves can nol be very far apart. Spe-
cifically:

ToeoreM 2,4, 1= BAZY/B{(Z) = (L min{w, fws, wa/w )P,
where wy = 24/ and wa = ZafLa, and 1 = max, di;.

From this follows easily:

Theores 2.5 (CONVERGENCE THEOREM). For any Z,
BYY(ZY — BYZY as n — = provided that P - (),

Therefore for problems with large numbers of industrics the
space of all possible paints corresponding to equilibria be-
comes almost identical with the space under the curve B{Z).
The cuarves B(Z) and the corresponding curve B2} for
country 2 arc the dark lines in Fig, 1, and the actual upper
boundaries £2,{7) and B2 He hetween the dark and light
lines. The example used in Fig. | was a Z2-industry example.

The reasoning of Gomory and Baumel (2) can be applied {0
show that the shape of the regions of outcomes of the two
counlries is always as in Fig. 1. B(Z) rises steadily as 7 increascs.
then turns down to a tevel which represents the utility country |
would obtain i autarky with alt e, = 1. The peak for country |
is always 1o the right of the level at which wages are equal in the
two countries, and the peak for country 2 is always to the left of
that point. The equal wage poinlis marked by the vertical line on
the upper cdge of the box in Fig. 1.

This regional shape already has important conseguences, 1
shows that the best resull for country | occurs when it has a
large share of world income and when country 2 has relatively
little, Similarly. country 2 does best when it has most of the
world income, which means that it produces most of the
world's goods, and country | has relatively Httle. As we will see
fater, if country 2 improves its lechnology, the effect is Lo give
it & larger share of world production and world income, thus
moving country | leftward and downward from its peak. The
diagram also shows that itis possible 1o have too large a share
of world income. Nevertheless, there is inherent conllict in the
inferests of the two nations; what is besi for one tends to be bad
for the other,

While this result is independent ol any concept ol motion in
this outcome space it is nevertheless |llumzlmlnw to consider
such motions.

Section 3. Natural Motion in Quicome Space

We will consider the mation of the equilibrium outcome as the
paramocter & varies with time, Any changes in the parameters
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e will produce a series of new cquilibria (v, 7. #). Each
cquilibrium has a utility, so the resull is motion of the corre-
sponding point pin (£, U) space

Rules Governing Motion. The rules for change in the offi-
ciency parameiers to produce nariral morion will be based on
the ebscrvation that a producing country becomes more ef-
ficicnt through practice and acquisition of knowledge, unless
s elficiency is alrcady maximal, We will also often assume
that the efficiency of a nonproducing country lends 1o decay.

In the next section we will also consider motion that goes
heyond these rules, as when a nonproducing country targets an
industry and improves its efliciency as part of a deliberate
entry effort. However, in this scetion we will consider only the
simplest case that we call natural motion.

Assumptions About the Limits of Efficiency. Motion will
also be limited by some further assumptions. These can take
several forms. (1) We could assume that if both countrices pro-
duce cach can attain maximum cfficiency. {7} We could as-
sume that the countrics have some natural endowments Eml
permit some maximum natural efficiency ¢;; so that elficiency
has an upper Hmit that is peculiar to the counu_\j, mepm= c,,
We will adopt assumption (77) at this point and treat (1) as a
special ease.

Natural Motion Rules. We will assume that natural motion
is governed by the following rules: (NM1Y A producing indus-
try (v, = 1) gains ¢f fmcnw [f it remains a producing industry
s cfficiency will L\mmuaﬂy approach ils maximum, ¢, (;\r\,p)
Anonproducing industry (v,; = 0y loses efficiency. 11 it 1 A
anonproducing industry its elficiency will eventually approach
0. (NM3} Country | docs not lose comparative advantage in
the industries in which it is a producer comparcd with the
;n(iminu in w}mh it is a nonproducer. More formally: 1y
=), and xpy = O, then (e /e (er i /eia) is nonduut_asmg
with Linw.

Natural Motion: Fixed Points. We can define a fixed point
of patural moetion as an cguilibrivm point (v, Z, &) wherex, 2
and the corresponding U7 do not change. Therefore the cor-
responding p{r) = (/4. U) is fixed in the (Z, U} planc.

LEMMA 3.1 A necessary condition for g point (x, 2. &) o be
a fixed pomt is that for every Xi; = 0, ¢y )

This leads us 1o the Ioliowmo theoren, in which we use ¢
for the vector {{H}

TreoreEs 3.1 (Fixep PONs). Every point of (7, U) cor-
responding 1o a ﬁ.\cd point of natural maotion lies o ihe region
hownded above by By(Z, ) and below by Bl (Z, ), where
B{Z, &'} is defined by the linear prograim

InBU7Z, &7y = Mav, Luy(x. 7, &)

subject 1o Y Ad 2y diaZadxg, o

L
i

Lyand 0 =

and BILZ. &) is defined by the corresponding minimization
problem

i BL(Z, 27) = Ming Luy(x, Z. &7}

subject fo S Ad 2+ diaZaby, = Zyand 0z

Now we have shown that all Tixed points lic in the familiar
region between the upper and lower boundarics ol a lineas
program with the linearized utility objective funciion. The
shape of such a 1'L‘wi<m is I(nowﬂ from our carlier work and is
itlustrated in Fig. 2. If we look at this in a little greater detail
wo can easily see 1h<|1

THEOREM 3.2 (SPECIALIZED FOUILIBRIAY, [very specialized
solution {x, /,) of the linear prograin 3.1 corresponds 1o a fived
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Fie. 2. Regions containing the fixed points of natural moton, By and
By are the light continuous hines and B> and B> are the light dashed
lines.

point of natural motion. These poin lie benween e curves 13
and Bl..

THEGRENM 3.3 (NONSPECIALIZED EQUILIBRIAY. AN nonspe-
cialized equilibria that are fixed points lie on the o vertical lines
wy/wa oo /e and within the region bosveen the boundary
CHIVES,

In Theorems 3.4, 3.2, and 3.3 we have used only the prop-
ertics NM1 and NM2 of natural motion. If we now invoke NM3
we will be able to show that any starting point p has a natural
motion which approaches one of the Tixed points of the region,
We obtain the following result.

TieorEM 34 (CONVERGENCIY. Under naturel motion all
points papproach poimts in the region of fived points,

The nature of this convergence is 1o “freeze in” something
close to the initial shares of world income. Income itself
mcereascs 1o higher levels that result from the improved
clficiencies. This freezing in probably reguires NM3; in its
absence more complicated natural motion possibilitics may
arise. However. aside from natural molion there are other
possibilitics,

Section 4. Less Natural Motion—Capture of Industries

Next we will look al maotion that does not occur “naturally,” the
capture of an industry as the result of elfort by onc country to
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inerease its e, in an industry inwhich iCis a nonparticipant. We
will consider here only the simplest case, in which the starting
point is a specialized cquilibrium. However, the same resuls
can be obtained with more complexity i the starting point is
nonspecialized.

Preparing for Captare. In industry & in which country | is
the nonproducer, country 1 increases its ex, until it obiaing
parity with country 2—i.c., e; /Wy = ega/wa This is possible
only if (w/madery = 1, so this is more likely to be a possibility
for the lower wage country. At the new level of ex we have a
new cquilibrium point. This new equilibrium point is cquive-
lent 1o the starting equilibrium point. so we have the same
point in the Z-U planc.

Shift of an Industry. There are many possibie versions of the
capture process; we will discuss what may be the simplest. The
efficiency of country 2 in the &th industry, era T remains fixed as
production shifts from country 2 te country 1. County | increases
its cfficiency just encugh 1o maintain parity in the face ol its
increasing wage. In model terms we vary the parameters in the
fingar model by requiring ep (Z4)/w = cpa/ne as country |
increases ils income 2y and wage w. As production shifts and 7,
increases we get a curve ol new equilibrium points moving to the
right from the original cquilibrium. We need to know whether it
is going up ar down for country 1 and up or down for country 2.
The result can be summarized as follows:

Effects of Capture. As the industry shifts. the capture
process cither mercases consumption or feaves things the same
in every good for country | The effect on country 2 is cither
no change or a decrease. So the effect of the capture process is
o ncrease conndiy s wtility and decrease country 2 utility.

The point corresponding to this equilibrivm moves rightward.
It moves up for country 1 and can move either up or down for
country 2, depending on whether the depressing effect of caplure
is or is not cutweighed by learning in alf other industrics during,
the caplure process. This continues until the entire output comes
from country 1 and the whole industry has been captured.

So we have once again. and without benelit of explicit
ceonemies of scale, the conflict that goes with share and
retainable industries. What makes these industrics retainable
is the learning-by-doing aspect of natural motion,

"Beeause & may be unable to match the other countries” effort or it may
already be at ¢,
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