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E C O N O M E T R I C A  

VOLUME43 May, 1975 NUMBER3 

A STOCHASTIC DECENTRALIZED RESOURCE 

ALLOCATION PROCESS : PART 11* 


BY LEONIDHURWICZ, AND STANLEYROY RADNER, REITER 

This is the second part of a paper concerning an iterative decentralized process designed 
to allocate resources optimally in decomposable environments that are possibly charac- 
terized by indivisibilities and other nonconvexities. Important steps of the process involve 
randomization. In Part I we presented the basic models and results, together with examples 
showing that certain assumptions can be satisfied in both classical and nonconvex cases. 
Part I1 goes further with such examples in showing that our process yields optimal allocations 
in environments in which the competitive mechanism fails. and also shows how abstract 
conditions used in Part I can be verified in terms of properties of preferences and production 
functions that are familiar to economists. 

INTRODUCTION 

THISIS Part I1 of a paper in which we construct an iterative decentralized process 
(to be called the B process because it involves bidding)designed to allocate resources 
optimally in environments that are decomposable, i.e.. free of externalities, but 
possibly characterized by indivisibilities (in commodities) or nonconvexities (in 
preferences or production). We have largely confined ourselves to situations where 
either all goods are indivisible or all goods are divisible. although similar methods 
could also be applied to mixed cases. Important steps of the process involve 
randomization. hence the designation "stochastic" in the title. 

Part I1 goes beyond Part I in showing that the B process yields optimal results 
in environments where the competitive mechanism often fails, specifically under 
circumstances in which some or all individuals have zero endowments of certain 
goods (Section 5.6). On the other hand. a counter-example (Section 5.5.6) shows 
that the B process may fail to converge under certain conditions involving incom- 
plete endowments. 

Further. Part I1 provides results designed to facilitate applications by showing 
how the abstract topological conditions. such as openness, used in the theorems of 
Part I can be verified in terms of properties of preferences and of production 
functions that are familiar to economists (especially Section 5.7). 

Part I consists of Sections 1 through 5.4. General principles of notation and the 
definitions ofequilibrium and optimality are found in Section 2, which also contains 
formulation of the rules governing the formation of bids and agreements in the 
B process. Section 3 contains a result on the stationarity of optimal distributions 
valid for arbitrary commodity spaces (hence, in particular, divisible, indivisible, 
and mixed commodity spaces). Section 4 contains the main results for the case of 
indivisible goods. Section 5 for divisible goods. 

* This research was supported by the National Science Foundation, the Office of  Naval Research, 
and the General Electric Company. 
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In Section 5. devoted to divisible goods. the basic model and assumptions are 
formulated in Subsection 5.1. Important auxiliary propositions are established 
in 5.2 and the basic theorems on non-wastefulness and convergence are given in 
5.3. Subsection 5.4 has examples showing how various assumptions (other than 
the "openness" assumption ED.6) underlying the theorems of 5.3 can be satisfied 
both in classical and non-convex models. 

Part I1 ofthe paper begins with the case of incomplete endowments in Subsection 
5.5. An analysis of an alternative form of the crucial "openness" assumption is 
found in Subsection 5.6. while 5.7 contains examples of applications, non-convex 
as well as convex, including one non-monotone, where commodities are divisible 
and utility functions continuous. Subsection 5.7.4 contains an example illustrating 
the existence of cases with nonconvex preferences and increasing returns in 
production satisfying all assumptions (including "openness") of the theorems in 
Subsection 5.3. Subsection 5.8 is a summary of the results in the complete Section 5. 

Part I1 of the paper is not self-contained. The reader must consult Part I for 
much of the notation, definitions. etc., used in the second part. 

5.5. A Generalization Including I~lcomplete Endowments : A Weakening of 
Assumption ED.4 

5.5.0. Introduction 

In an important class of cases. including that of pure exchange with some 
commodities absent from the initial aggregate endowment vector o.Assumption 
ED.4 is not satisfied. Recall that this assumption required that there exist a y 
in Y, such that every component yi of y is in the interior of the corresponding set 
Yi(see Subsection 5.1.1).The purpose ofthe present section is to show that Assump- 
tion ED.4 may be replaced by a weaker assumption. ED.4*. which could be applied 
in certain cases of pure exchange with incomplete initial endowment as well as 
many other cases (including those involving production): the case of Assumption 
ED.4  would still be covered. 

Thus the results of the present section constitute generalizations of Theorems 
5.1 and 5.2 (to be designated as Theorems 5.1* and 5.2*. respectively). retaining 
Assumptions ED.] through ED.4 as well as Assumptions PD.1 and PD.2,  but 
replacing Assumption ED.4 with ED.4*. 

Since Assumption ED.4 was used only in proving Lemma 5.6. it is enough to 
establish its counterpart. to be designated as Lemma 5.6*. 

5.5.1. Assumption ED.4* 

To state Assumption ED.4*, u e  first introduce the linear variety H in R" defined 
by :46 

H = Y ( Y k )  for all i = 1 .2. . . . . N.  

j6 Implicitly. we assume that Y(Y;) is the same for all i = 1 ,2 , .  . . . N. (Under pure exchange, if 
C' = R for all i. even though the tu' are different, Y(Y;) are all the same.) 
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where Yk is the projection of YF into Y' (see Subsection 5.2). and Y'(Yk) is the 
smallest linear variety containing Yk (see Subsection 5.1). We shall also write 

H * - H x  x H  

N times 

Since Yh G Y', it is necessarily the case that H G Y(Y' )  
In Subsection 5.2.2 above we had4' 

H = Y(Yi)  = R" ,  

but this is n o  longer assumed here. In  fact. H c Y(Yi )  is characteristic of the case 
of  incomplete initial endowments under pure trade. assuming wi E 52 = Ci. 

with ;&lo = 0 :  Y(Y')denoting the set of commodities for which o,- Xr= wf 
may (though it need not) still equal R-'I. 

Assumption ED.4* will consist of three parts. to be denoted by ED.4*'. ED.4*", 
and ED.4*"'. The first part, ED.4*', is a generalization of ED.4. with the topological 
requirements relativized to the H topology: 

ASSUMPTIONED.4*' : There exists an N-tuple yo - ( Y O ' .  . . . . yoS) .  yo' E R-". 
such that (i) E Y,. (ii) yo' E l n tH(Yi)(i.e., there exists an R."-open set V'  such that 
YO'  E L" n H c I..'), where Int, (Yi) denotes the ir~terior of Yi in the relative H 
topology. 

However, our earlier results would not be valid if Assumption ED.4 were simply 
replaced by ED.4*'. Additional conditions are needed. T o  state them we recall 
again that Lemmas 5.1 through 5.5 were proved without resort t o  Assumption 
ED.4 and are therefore valid in the present section as well. 

Hence. by Lemma 5.5. there exists an  LF-open cube S E . V y .  E )  with centerJ8 
c(y,E)  and radius g. 

As in Subsection 5.2.2 above. we define T as the open R.M' cube with the same 
center and radius and we write T - T 1  x . . . x T,', where T' is the R.'' open 
cube with center ci in Y' and radius g. 

In turn. we introduce subsets T*' of the T i  by T*' r T i  n Y', and write T* -
T*' x . . .  x T*'. 

REMARK Y' (by (5.19). which follows from 1 : In the case of Subsection 5.2.2, T i  c 

Assumption ED.4): therefore T*' = T i  and  hence T *  = 7: 


'"This follows from the fact that, by Assumption ED4,  the interior of I" (in the R." Euclidean 
topology) is non-empty. 

' W e  may note that S c Y,, hence c E Yc n H *  n ( x :=, Y'). 
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The remaining two part's of Assumption ED.4* can now be stated with reference 
to the sets T*'. (The interpretation of these assumptions in the context of pure 
exchange with incomplete initial endowments is given in 5.5.5 below.) 

First. it is essential for our argument that the set T*' be of positive R-'f-measure: 
in fact. we postulate that its M-dimensional measure ,u(T*') satisfies: 

ASSUMPTIONED.4*": ,u(T*') >, ,ii> 0, where ji does rlot depend on y = y, ,  
the most recent "agreement" arrived at by  the participants. 

REMARK 2 :  In the case of Subsection 5.2.2, Assumption ED.4*" is satisfied 
because ,u(T*') = (2t1),M:on the other hand, when Ci = R, and wi E SZ has M y  
zero components (hence M' = M - M? positive components), we have 

since M' >, 0. so that Assumption ED.4*" is again satisfied. More generally. 
Assumption ED.4*" is satisfied whenever E Yi, x E R implies yi + x E Yi.  (Cones 
other than SZ could also be used.) 

Finally. when H # R", a restriction pertaining to the structure of preferences 
must also be imposed. We postulate 

ASSUMPTIONED.4*"' : For ecery zi E T*' there exists xi(zi)E T*' n H such that 
zi tixi(zi). 

REMARK3:  In the case of Subsection 5.2.2, T*' n H = T*' = Ti. so that we 
may take xi(zi) = zi and Assumption ED.4*"' is automatically satisfied. 

5.5.2. Inevitability of Improtement from a Nan-optimal Allocation 

We are ready to state the following counterpart of Lemma 5.6 of Subsection 5.2 : 

LEMMA5.6* : Giren the assumptiorls of Subsection 5.1 aboce with Assumptioil 
ED.4 replaced hjl Ass~imptiorl ED.4* ( =  ED.4*' + ED.4*" + ED.4*"'). j i ~ r  ctery 
t: > 0 there is a number ;$ > 0 (not  depending on y )  such that. for all y in YF, 

(5.15) prob { y , ,  , E Ely, = j,)2 ;'. 

PROOF:  When YF = j0,) is a one-element set. Y = = YF and y, E for all t ,  
so that the conclusion of Lemma 5.6* holds."%ow YF = (0,; is a one-element set 
when the dimension of H is zero or when N = 1 .  Hence without loss of generality, 
we shall henceforth assume that N 2 2. and that YF has at least two elements, so 
that dim 9 ( Y F )  = 1 and 12.I' = dim H 3 1. 

Now. as noted earlier. in virtue of Lemmas 5.1 through 5.5. there exists an 15,- 
open cube S E .Y (y . E )  with center c(y. E )  and radius q .  Hence 

(5.17) S G G + ( y )n q.  
j9Even without some of the other assumptions made in Lemma 5.6*. 
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and 

(5.18) z E S implies z' E G+'(y ' )n Yk for all i E . l.r 

where 	.N = { l , 2 , .. . ,N ) .  
It can be shown (see 5.5.3 below) that Assumption ED.4* implies 

and hence, with T defined as above, 

= { x  = ( x l , .  . . ,x N )  : for each i E ./l.rxi E H :  x i  = 0,: 
ieh' 

Ilx - c(y,&)I1 < 9) .  
Now, for each i E K a  subset Y*' of R" is defined by 

Y*' - {x i  E R.M: 1 x i  - 2' / 6 29 for some 2' E Yk ; x i  E Yi)  . 

FIGURE5.6 

M = 2, Y ;  = GABC,  Y*' = G D E F ,  H = R 2  (the whole plane). 

REMARK4 :  Even when H = R". Y*' # Yk:  see Figure 5.6. This somewhat 
undesirable feature of the proof below can be avoided by using, instead of Y*', the 
set Y**' = ( Y L  + Ht , )  n Y'. in which case Y**' = Yk when H = R" (so that 
H t ,  = 0,). (Here H i ,  denotes that subset of the complementary manifold H I  of H 
whose points are within distance 6 29 of H.)  

REMARK5 : We note that Y*' is compact and is contained in Yi :  also, it contains 
YF. 
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It will be shown below that 

(5.19*) T*' E G+'(yi)n Y*' for all i E J1.T 

From this one can derive5' 

N 
(5.27') prob {z, E T*ly, = y} ) 1ST*dzl . . . dz" = INfiN1 1  > 0= I)* 

by following the proof of (5.27) of Subsection 5.2, with T and Yk, respectively, 
replaced by T* and Y:'. The remainder of the proof is unchanged except for 
replacing y1  by y l  s ;INfiN and T by T*, and noting that d = dim L,  3 1 (since 
the case d = 0 was disposed of at  the beginning of the proof). 

PROOFOF (5.19*): For a fixed but arbitrary i E ,V, let z E T*'. 
We use the RM-vector .ui(zi) guaranteed by Assumption ED.4*"'to construct, 

for p ~ , k ' \ ( i j . ,  

and define 

We now show that x(zi) E S. Because of (5.20*) above, this can be done by 
proving that (i) x(zi) E Yc, (ii) x(zi) E M*, and (iii) x(zi) E T. 

(i) By construction, 

C x"zi) = 1 cp - [xi(zi)- ci] . 
P # i p t i  

But C,,, cq = Ox since c E Yc. Hence C,,, xq(zi)= Ox, i.e., x(zi) E Yc. 
(ii)x'(zi) is in H by Assumption ED.4*"'. For p # i, xP(z') are linear combinations 

of elements of H, hence also in H ;  hence x(zi) E H*. 
(iii) xi(zi)E T*' E T i :  for p # i, by construction, 

---
1 

1 1  xi(zi)- ci1 1  < -
1 

rl 6 r l ?N - 1  N - 1  
so that x(zi) E T 

It follows that x(zi) is in S, and, therefore, by (5.18), that xi(z') E G+'(yi)n Yk. 
By virtue of Assumption ED.4*"', zi kixi(zi): hence zi E G+'(yi). 

It remains to be established that zi E Y*'. 
We have just established that x'(zi) E Yk n T*'. Since both zi and xi(zi) are in 

T*', /izi - xi(zi)li < 2q. Now xi(zi) E Yk together with the preceding inequality 
yield zi E Y*'. Thus (5.19*) is established. 

5 0  Bearing in mind that M' = dim H 2 1 and that N 3 2, and using Assumption ED.4*" to 
guarantee the boundedness from below of probabilities. 
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5.5.3. Completion of'the Proof o f  Improcernent 

In this section we show that Assumption ED.4*' implies (5.18*) of Subsection 
5.5.2. 

Since Y ,  c H* and Y, c Yc. i t  follows that Y, is a subset of the linear variety 
Y, n H*,  so that L ,  E Yc n H*.  It remains to be shown that Y ,  n H* E L,. 
For this purpose. we define the Cartesian product V = XF', V i .  where I." is the 
RM-open set (whose existence is guaranteed by Assumption ED.4*') such that 
! ' l o  E V i  n H E Y i .  

Since Tiin H E Y iand X i  (V"n H )  = V n H* c X i Y i .  we have 1)n H* n 
Y, G ( X iY i )n Y, = Y,, so that Y ( Vn H* n Y,) E L,. 

The proof will be completed by showing that Y, n H* E Y(b7n H* n Y,). 
To do this. we take some Y E  5.n H*,  and show that Y E  9 ( V  n H* n Y,). 

Let E H* n Y,. Since E V n H* n Yc, $ = rl; + ( I  - SoI.'' E V n H* n Yc 
for sufficiently small r > 0. Hence = ( 1  c); - ( ( 1  - x) r)jtOE Y ( Vn H* n Yc). 

Q.E.D. 

5.5.4. Generalizations o f  the Tivo Principal Theorems 

We have thus established the following generalizations of Theorems 5.1 and 5.2 : 

THEOREM5.1*: C'nder Assumptions PD. l ,  PD.2. ED. l ,  ED.2. ED.5. unti ED.6 
together with Assumption ED.4* o f  Subsection 5.5.1. if the bidding distribution is 
an rquilibrium, then it is optimal. 

THEOREM5.2* : C'ndrr the as~umpt ions  of Throrrm 5.1*. k i t h  probability orze. 
lim,,, u, 1s optlmal. 

5.5.5. T h e  Casr o f  Incomplrtr Initial Endowments Under Purr E.uchringe 

In this section we show how the preceding generalization can be applied in the 
case of pure exchange when some commodities are missing from the initial endow- 
ment. Specifically, we shall show that conditions ( E )  and ( D )  introduced below 
imply that Assumption ED.4* is satisfied: hence when the other assumptions of 
Theorem 5.1* hold. the conclusions of Theorems 5.1 * and 5.2* follow. 

To simplify matters we shall assume 

c1= n 
for all i = 1.2..  . . ,  N 

o'E ni 
so that (since we are only considering the pure exchange case) 

Y '  = n - (o'), 
(El for all r in 1.' 

W' E n 
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Hence Assumption ED.4*" holds because mi E f2 = Ci (see Remark 2 in 5.5.1). 
Furthermore, as shown at the end of this section. 

(1) Condition (E) implies Assumption ED.4*'. 

In the proof of (I),and also in the formulation of condition (D) below, we shall 
find i t  convenient to introduce the following notation. 

We write J/[ = 11,. . . ,M ) ,  for the set of all M commodities and partition A 
into two disjoint subsets A",.4I" in such a way that all commodities in JH+ have 
positive initial aggregate endowments, i.e., w j  = X;', oj> 0, for j~ A'+,while 
all commodities in .No have zero initial endowments for euclz consumer, i.e., 
w: = 0 for j E ,dlo and all i E -4 '  

Now as was seen at the beginning of the proof of Lemma 5.6*, dl+may be taken 
to be non-empty: hence we may without loss of generality so number the com- 
modities that ,H+ - (1 , .  . . ,M + }for some M + ,1 6 M +  6 M,and ,  for M +  < M ,  
.,doE . ( M t  + 1 , .  . . ,M I .  Now in order to satisfy (5.2.W"") we make the further 
assumption : 

(Dl a = ( a l , .. . , a s - l , a s , a s + l , .  - [co'j,. . , U ~ ~ ) E Q  
for every integer s E .KO, 

(mplies5 

which means that, other things being equal, a consumer likes (small) positive 
amounts of certain goods (viz., those absent from the initial endowment) at least 
as well as zero amounts. 

Given (D), it can be seen that Assumption ED.4*"' is satisfied for x1(:') defined by 

:; for r ~ J f + ,  
.u;(zi) = 


0 for r ~ , , h Z ~ ;  


for, clearly. when zi E T*', .xi(:') is in T*' n H (where H = {xE Rh* :x j  = 0 for 
j E ;dl0}) and, because of (D), zi kixi(zi). 

Thus conditions (E) and (D) imply ED.4*. Since they also imply Assumptions 
ED.1 and ED.3, the conclusions of Theorems 5.1* and 5.2* follow for a B process 
satisfying Assumptions PD.l  and PD.2, provided consumer preferences, in addi- 
tion to (Dl,are also continuous (Assumption ED.5) and imply openness (Assump- 
tion ED.6). In particular, the conclusions of Theorems 5.1* and 5.2* hold under 
pure exchange, given (E), if preferences are continuous and monotone (see Lemma 
5.9 and its corollary in Subsection 5.7 below).52 

'' In fact. it 1s sufficient that this impl~cation hold for small values of a,.

'' It may be helpful to write out explicitly the formula for Y*'. We have in this case 


where cuk - Z, r 1; I t  may be noted that, since wt = 0 for J E .KO, 

Y k  = : ( a l. . . . ,  a , w ) : - u ~ ;6 a,  $ (u,- (0; for all r ~ . & z ] ,  

.4z' = I ,  . . . ,M /,is a proper subset of )'*I. 
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It remains to provide a proof of proposition (I) stated at  the beginning of 5.5.5. 
Defining 

1 N 

so that a E H n 52, we construct J.' by yo' r a - a' for each i E 11.- Clearly. 
yo E Yc slnce 

O n  the other hand. in view of (E), 

It will follow that yo '€  Int, Yi, if we can show that G, - oi = 0, for j E ,XO, and 
-
o, - ok > -a:, for k~ .A'+. But the preceding equalities hold because o, = 0 
and oi = 0 for j E d l 0 ,  while the inequalities follow from o,> 0 for k E .M+. 

In this section we give an example where the B process fails to converge to an 
optimum even though Assumptions ED.l-ED.3, ED.5, and ED.6 are satisfied as 
well as Assumptions ED.4*' and ED.4*"' ; thus Assumption ED.4*" and also ED.4 
are violated. 

This shows that Assumption ED.4 cannot be dispensed with in Theorems 5.1 
and 5.2 and in Lemma 5.6, and that Assumption ED.4*" cannot be dispensed with 
in Theorems 5.1* and 5.2* and in Lemma 5.6*. It remains to be seen whether an 
alternative specification of the process would avoid such difficulties. 

The example involves two traders, two commodities, and pure exchange. The 
initial endowments are respectively (0' = (1.0) and o2= (0,O) so that the second 
commodity is absent. The admissible trading set for the second individual is the 
usual Y2 = R, while that for the first individual is Y 1  = A u 52, where 

as shown in Figure 5.6a. Y1 and Y2 are both closed: hence Assumption ED.l  is 
satisfied. 

The feasible set YF constructed in accordance with Assumption ED.2, is given by 

which corresponds to a closed segment on the boundary of the Edgeworth Box. 
Clearly, Assumption ED.3 is satisfied. Now 

LF = {((Y:. y:), (y:, y:)):y; real, 4.: = - j ; .y :  = y; = 0) 



Y 1  consists of shaded and heavy black areas. 

is a line in 4-space, while 

Yc = {((y!,yi) ,(yf,y;)):yi  real, y; real, y: = -.y;,y22 = -y i )  

is a two-dimensional set in 4-space. Thus L, # Y, which contradicts (5.8): it is 
seen that Assumption ED.4 is violated. 

The utility functions are given as follows: 

- iyi + ) i  + ) for y1 E A,
ul (y ' )  = 

for y1 E R. 

- / y f - 3 1 + )  when O $ y : $ l ,  

yf - 1 when y t 9 1 .  

C 1  and Cr2  are continuous: hence Assumption ED.5 is satisfied. 
There is only one Pareto optimal distribution f r ((- l f2 ,0 ) ,(+112,O)). and 

we may write E = {f) 
Therefore, for 0 < E < 112, 

2= j()", y2) :  --$ - E < y: < - 4  + E ,  y1 - y;.  yt = y: = O), 

and. as always. = Y,\ PE. 
We now verify Assumption ED.6 by constructing an L,-open set S required by 

Assumption ED.6 as 

where??> 0,c: - g > -1i2 - c:and ct + q < -1/'2 + E .  

On the other hand. Assumption ED.4*" is violated because the set T* '  appearing 
in Assumption ED.4*" is of (two-dimensional) measure zero. Here T*' = T 1  n Y', 
where 
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hence 

T* '  = { ( y i , y i ) : c t  -'I c y :  < c :  + q , ~ . := 0 ) .  

which is a segment in 2-space. 
To show that there is no improvement from a non-optimal point J E x.we -

note that (contrary to (5.15)) prob { y t +  E Elyt = J, .p E y.) = 0, and y t +  E 

can only occur when the center of the first individual's bidding cube is on the 
segment A. 

But by Assumption PD.l ,  the probability distribution P' is absolutely con- 
tinous with regard to the two-dimensional Lebesgue measure and hence A, 
being one-dimensional, has probability zero. 

Thus the conclusions of Theorems 5.1 and 5.2, 5.1* and 5.2*, and Lemmas 
5.6 and 5.6* d o  not hold. 

5.6. Properties Related to the Assumption of Openlzess (Assumption ED.6) 

5.6.0. Introduction 

In this section we state a property (Assumption ED.6a in Subsection 5.6.5 
below) which, under certain conditions. is equivalent to the assumption of open- 
ness (Assumption ED.6 above). Roughly speaking, this property has the following 
meaning: given two allocations, one Pareto optimal and another Pareto inferior 
to it, there exists a third feasible allocation close to the given optimal ones3 and 
preferred to the given non-optimal one by all consumers.j4 Assumption ED.6a is 
easier to verify in terms of preference structures and production possibilities than 
is the assumption of openness. For instance, as shown in Subsection 5.7, Assump- 
tion ED.6a is satisfied for continuous utility functions that are strictly increasing 
in the interior of the consumption set, when the latter is the nonnegative orthant 
Q of the commodity space. 

The result concerning the equivalence of Assumptions ED.6 and ED.6a is 
Theorem 5.3 below. The equivalence holds if. in addition to Assumptions ED.l. 
ED.2. ED.3, and ED.5, it is assumed (Assumption ED.7 below) that the jointly 
feasible set is the closure of its interior (in the relative topology). 

According to Lemma 5.8 below, Assumption ED.7 holds (when W ' E  Q = C' 
for all consumers) if near every jointly feasible point there are feasible points with 
positive components in all potentially available commodities for all consumers 
(Assumption ED.7a). Thus Theorems 5.1 and 5.2 hold with Assumptions ED.6a 
and ED.7 together replacing Assumption ED.6. In Subsection 5.6.3 an example 
is given to show that Assumption ED.7 cannot be completely dispensed with in 
Theorem 5.3, although it is conceivable that it might be weakened. 

'"r. more precisely. close to some optimal allocation that is Pareto equivalent to the given Pareto 
optimal allocat~on. 

'4 The given Pareto optimal allocation is, of course, preferred to the given non-optimal one by some 
consumers, while others may be indifferent between the two. 
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5.6.1. Notation 

As in Subsection 2.7 above. it will be convenient to distinguish consumers from 
producers (if any). In Subsection 5.4 the two sets of agents were respectively 
labeled J and K. Here the set J of consumers will be assumed to consist of agents 
1 ,2 , . . . ,H, with H 6 N. so that the producers are numbered H + 1 . .  . . ,N .  The 
case of H = N is. of course, that of pure exchange (here the set K is empty). 

It is also helpful to introduce the set of all commodity vectors that can be sup- 
plied by the production sector to the consumer sector. This aggregate producers' 
supply set X, is defined by 

where Xk,,cok,and Y k  are defined as in Subsections 2.7 and 5.4 above. 
In subsequent formulations we shall use the notion of the projection of a set 

defined in R M Ninto the HM-dimensional Euclidean space R~~ in which consumers' 
allocations are represented. Thus. let A be a set in R N M ,with a typical element 
( a 1 , .. . ,a N ) ,the a' being elements of RM (the commodity space). Then the pro- 
jection of A is denoted by AH and is the set of ( b l , . . . ,b H )  such that bhE R M ,  
h = 1,. . . ,H, and ( b l , .. . ,bH,aH+I , .  . . ,a N )E A for some akE R M ,k = H + 1,. . . , 
N .  

It can be shown that: 
H h' 

(i) YH= X Y i  for Y = X Y i  
i =  1 i =  1 

(ii) YFH= iy : y  = ( y l , . .  . . y H ) ,  Y E  YH, 
H 

' = I  

(for the case of pure exchange, where X ,  = {Ox),  we have 
H 

,. . . . y H ) ,Y E  YH,  1yi = Ox 
I =  1 

(iii) LFH= Y ( Y F H ): 
H 

(iv) G i ( y )= YFHn X G+'(yi )  for y = ( y  ' ,  . . . ,yH),  y E Y,, . 
i =  1 

5.6.2. Assumption of' Openness in Projection Form (Assumption ED.6H) 

It will now be shown that Assumption ED.6 of openness is equivalent to the 
following assumption : 

5 5  In this section symbols such as y, J. and v may represent H-tuples of M-dimensional vectors 
rather than N-tuples of such vectors. 
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ASSUMPTIOUED.4H : For. ecer.1 i: > 0 anti ece1.y J.E yfi.t h ~ r eesists an LFH-ope11 
cube S,  such that (i) S ,  G G,+(J.).and ( i i )  S ,  n pa # 0. 

LEMMA5.7: As.slrrnptions ED.6 and ED.6H arr eqlrirale~~f.  

PROOF: > 0 and(i) Assumption ED.6 implies Assumption ED.6H. For given c 
.F = (.vl.. . . ..vH..i"+ I . .  . . .r') E I:,let S be the L,-open cube whose existence was 
asserted in (5.12). Then there exists a set Cf. open in R."'. such that S, = LFHn CfH .  
so that the pro.jection S, is an LFH-open set. 

Further. i t  is immediate that S, G G,'@,).J = (.TI.. . . ..vH). and S, n pa # 0. 
Take some J. E S, n xH.Then. since S, is Y,,-open, there is an LFH-open cube S ,  
with center j.. such that S ,  c S,. 

(ii) A.sslrrnptior1 ED.6H irnplies Asstlrizption ED.6. Given i: > 0 and y' = (y' ,  . . . , 
J"). y' E E. let S ,  be the LFH-open cube whose existence is guaranteed by Assump- 
tion ED.6H. Let c,  be the center of S , .  Then c ,  E L,,. Hence there exists c = ( c , ,  
c,) E LF. Let S be the LF-open cube with center c and radius as that of S , .  Then. 
we have S,  = SH.I t  is immediate from the definitions of G,i(y') and G+((y'. J.")), 
withj." = ( jH+I . .  . . .yS), that S, G Gs(y')* S c G+((y'.I.")). and that J.' E S, nxH* (y', J.") E S n 2,.for y" E R(' such that (y'. y") E YF. 

5.6.3. Example 

RFMARK: If YFH is not the closure of its interior in LF,, the openness property 
need not hold. as shown by the following example. 

Let there be two consumers, H = 9.one commodity, M = 1. ui= 0, Ci = Y' = 

R. i = I .  2 :X ,  = (0, 1) .  i.e., either none, or one unit of the commodity is suppliable 
by the production sector. Then YFH consists of the point (0.0) together with the 
line segment 

{ (y ' . J~2) : J*1+ y2 = 1 . J . I  3 0.y2 2 0;. 

as shown in Figure 5.7. 

mailto:G,'@,).J
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It follows that LFH is the plane. and hence that LFH-open cubes are squares. 
Clearly no square can be a subset of YFH and so the openness assumption cannot 

be satisfied. regardless of the structure of the preferences. (Here the LFH interior of 
Y,, is empty. hence so is its closure: the latter is therefore unequal to the nonempty 
set YFH .) 

5.6.4. Dqfinitions 

In order to state the main proposition of this section we need additional defini- 
tions. 

First. for y E YFH, write = {f E Y H : 9 ~G;(y)). That is is the set of 
Pareto optimal points (allocations) that are at least as good as y in the Pareto 
ordering. 

Given E > 0, (j. > 0. 7 E YEH.I - (yl. . . . .jH).and 9 E pH(?). f = ( f l , .  . . ,Ja). 
define, for i = 1 , 2 . . . . .H ,  

where .1,(0) is a neighborhood of the origin in R" with radius 6. 
Further. define 

H 

I.i(r'. 2.) - C v;tv. 9). 
i =  1 

Roughly speaking. the set V;(y, f )  consists of those small displacements of the 
component 9' of the distribution f (which is Pareto optimal and Pareto superior to 

resulting in a point strictly preferred by consumer i to j i ,  while the set I.,(j,j) 
consists of the net (aggregate) resource requirements defined by such displacements 
of all consumers. 

5.6.5. T h e  "Strict Dominance" Assumption (Assumption ED.6a) 

We now consider an alternative to the openness assumption (Assumption ED.6), 
which we shall call the strict dominance assumption (Assumption ED.6a). This 
assumption can be interpreted as follows. 

Given a point (allocation) j which falls short in utility by at least E of being 
Pareto optimal, and a point f which is Pareto optimal and superior to J in the 
Pareto ordering, there must exist an allocation $ Pareto equivalent to f and a small 
displacement r - ( r l . .  . . ,I.") of .? resulting in a feasible point y' = .? + t. which 
is preferred to f by all consumer^.'^ Thus the allocation y' is near J :  consumers 
indifferent between f and J strictly prefer y' t oy ,  while those who prefer f to J also 
prefer ? toy .  In the case of pure exchange, the displacement c is simply a redistribu- 
tion of holdings among consumers. 

We now present a formal statement of the strict dominance assumption. 

ASSUMPTIONED.6a (Strict Dominance): For erery E > 0. 6 > 0. 7 E Ya. J -
(jl.. . . .jH),  and f E Y,(y), f = (f ', . . . ,fH).  thercjerists J - f ,  ($ = (9' ,. . . . JH)) .  

rrith 2 = Xy= =, .fl, suc,h that [ X ,  - ( 2 ) ]n I.;(J. C) # 0: i.e.. there exists an alloca-

'' I t  may well be the case that )t = f 
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tion .?, H commoditj, space "displacement" Lectors r l ,  r2. . . .eH, and, if H < N ,  
also N - H commodity space cectors uH+ ',. . . ,s! ~ i t h.ukE Xk,,k = H + 1, . . . .N ,  
such that 

(1) j~- jJ ( j= 1 , .  . . ,H ) ,  

( i i )  JJ + r j  > i j j  ( j =  l , . . . . H ) ,  

(iii) irJl < 6 ( j= 1,. . . ,H),  

and 

(iv-b) c ~ = 0 , - ~ = O ,  if H =  N ,  
j= 1 

~ l z e r e  the wcond equality rn (I\-b) follows from the fact that, for H = N, 2 = 0, 

5.6.6. A Sufic.ient Conditiorl for the Equicalence of Opetlness and Strict Dominanc,e 

The set YFH will be called regularly closed if it is the closure of its interior in the 
LFH-topology. The next theorem shows that, in the presence of Assumptions 
ED.l-ED.3 and ED.5, if I;, is regularly closed then openness is equivalent to 
strict dominance. 

THEOREM5.3 : If ( l a )  YF is compact (this f01lobt.s from Assumptions ED.1-ED.3), 
and (lb) YFH is the closure of' its interior in the L,, topology (i.e.. is regularly closed). 
and if (2) for each consumer i = 1.2, .  . . ,H, (2u) Y' is closed (Assumption ED.1), 
and (2h)  the preference orderirzg 5 , is represt.ntahle by a continuous real-ralued 
function Cr' on Y' (Assumption ED.5) then Assumption ED.60 (strict dominance) is 
equicalent to Assumptior7 ED.6 (openness). 

REMARK:YFH is regularly closed under pure exchange with C' = !2, since then 
i t  is the "Edgeworth Box" (see (ii) in 5.6.1 above). 

PROOFOF THEOREM Assumption ED.6a implies 5.3: 1. We first show that 
Assumption ED.6H, which, by Lemma 5.7, implies Assumption ED.6. Given c > 0 
and p E x H .let 4(y) = Cy=, Ui(yi). The set G;@) is not empty, since J E G;(y), 
and, by (la). it is compact. Since 4 is continuous in y, it has a maximum on G i @ ) :  
let j. = ( f l ,  . . . , f H )  denote the maximizer of 4 in Gi@).  

Clearly,ji i.vi,i = I , . .  ..H.Thereisnoy*~G~(j)suchthatforsomei~ . . .[ I , .  
H ) ,  y* i  >,j i ,  for all i = 1, .  . . ,H, with strict preference for some i :  otherwise j 
would not be a maximizer of +. Suppose there exists J 4 G,'(j) such that yi 2 j i ,  
for all i = 1 . .  . . ,H, with strict preference for some i :  it would follow by transitivity 
of preference that J. E G$(v), which is a contradiction. 

Therefore, there is no y E Y,., which is Pareto superior to 9, and so 9 is Pareto 
optimal. Further, i t  cannot be the case that 4;E G,'(f), since f E YH while J E  zH. 
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Since j~G;(J), it follows that ji 2 , ~ '  some i as well as j j  k iJ j  for all for 
j =  l , . . , , H .  

Thus j E pH@), and by Assumption ED.6a for every E' > 0, there exist $ - ji and 
v r (v', . . . ,uH)  such that 

Therefore, for E' sufficiently small, continuity of utility functions implies that 
9 = 9+ u E t/2,H,and 9E G,+@). 

By hypothesis ( lb)  of the theorem, YFH is the closure of its interior in LFH. 
Hence, there exists a sequence (z,,) of LFH-interior points of YFH which converges 
to 9. That is, for each n = 1,2,. . . there exists an LFH-open cube S, with center z, 
and positive radius such that S, c YFH. 

We shall show that, for sufficiently large n, S, can serve as S ,  of Assumption 
ED.6H. 

By continuity of utilities, Y E  G,f(j) implies the existence of 6 > 0 and 4(y"), 
such that . .l.g(y") _c G+'Gi),i = 1 , .  . . , H. 

Therefore, taking the radius of S, not greater than 6, so that 

it follows, that for 6 sufficiently small, we have S, c Xy= G+'Gi): this, together 
with S, c YFH, is equivalent to : 

Also, again using the continuity of Ui,for tz sufficiently large, z, E Pd, since 
z, -+ ?;,ES, and z, Et ,Z ,H .  But z, E9and imply : 

Hence S, can serve as S ,  in Assumption ED.6H. 
By Lemma 5.7, Assumption ED.6H implies ED.6. 
2. We now show that Assumption ED.6H (which, again by Lemma 5.7, is implied 

by Assumption ED.6) implies Assumption ED.6a. 
Let there be given some E > 0, 6 > 0 , ~E 7'.and ji E YH@). 
Let Q denote the set of indices i for which jii >iyi, and Q' the remaining indices, 

namely those for which - yi. 
Since ji E %@), when Q' is empty, the conclusions of Assumption ED.6a hold 

for Q' = if we set $ = j and v j  = 0, for all j = 1,. . . ,H ;  for H < N, condition 
(iv-a) of ED.6a is satisfied in view of the feasibility of j. So we need only consider 
the case in which Q' # 0. 

By Assumption ED.6H, there exists a cube SH such that SH E G,f(j). . 
Taking z E S,, z = (z l , .  . . ,z H ) ,for each i = 1 , .  . . ,H, define a', r U'(zi), and 

construct the sequence of real numbers a; ,  a : ,  . . . by 
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Note that for i E Q'. x i  = Iji(zi)> CT'(ji) = Ui(j i ) ,  which. by construction of at ,  
implies that a; > CTi(j')for all k .  Further. for i E Q, either Ui(zi) a; Ui(j i ) ,or 
Cri(j.') 6 a: 6 Cri(zi); in view of the inequalities Ui(zi)> UiC?'), and Ui(f') > UiCvi), 
this implies 2; > Ui(r;'), for all k. Hence, for all i = 1,. . . ,H. and all k, 

We note that. for all i and k, rf, is in the interval of which the end points are 
CJi(zi)and Cri(yi). Hence. by continuity of C = ( U 1 , . . . ,CrH) on G z @ )  (which 
follows from continuity of U i  on Y i  for i = 1 , .  . . ,H), and using the intermediate 
value theorem of differential calculus, there exists an allocation y, in G;@) such 
that Ui(yh) = r; .  

By compactness of GG@), there exists a subsequence of the !I,, say, z, = (z:, . . . , 
8)which converges, say, to z* E G;@). 

We now show that z* E I($). This is so because, by construction, Ui(zh) = a; -+ 

Ui(ji),for i = 1 . .  . ..H, and hence, by continuity of U', Lri(z*') = Ui(j i ) ,i = 1 , .  . ., 
H,which is equivalent to saying z* E I ($ ) . Taking .~4,Jz*) to bean RHM-neighborhood 
of z* having the prescribed 6 > 0 as its radius, z, E .l%[z*), for all k sufficiently 
large. In particular there is some value of k, say k' ,  for which z,. E .&Iz*). Taking 
c = z,. - z* and = z*, we will now show that there exist y+',. . . ,?" in XF+ ', 
. . . .X; ,  respectively, which together with c and ,b satisfy Assumption ED.6a. 

We note first that z,. = r + z* E GH+@)by (5.39) above, and secondly that 
1 .  = IIz,. - z *  < 6 since z,. E .  tJz*). Thus requirements (i), (ii), and (iii) of 
Assumption ED.6a are satisfied. 

Finally, since z* E G;@) and z,. E G$@) and hence both are in Y,,, in the case 
of production (H < N) there exist y+',. . . ,?*' and x H + ' , .. . ,xN in x?' I , .  . . , 
X;. respectively, such that 

and 

and, in the case of pure exchange. 

Hence, in either case 



380 L. HURWICZ, R .  RADNER, AND S.REITER 

so that requirement (iv) of Assumption ED.6a is satisfied, and 

So the theorem is proved. 

5.6.7. Circumstances under which YFH is Regularly Closed (Assumption ED.7)  

The condition that YFH be regularly closed is essential in Theorem 5.3, so it is 
natural to inquire as to the circumstances under which this condition would be 
satisfied. For ease of reference, we give this condition a label of its own. 

ASSUMPTIONED.7 : YFH is regularly closed, i.e., it is the closure of its interior irl 
the LF,-topology. 

If YFH is closed and convex, then i t  is regularly closed, so that various "classical" 
cases are covered. (We omit the proof.) But we are particularly interested in non- 
convex cases. The following result (Lemma 5.8) defines one class of such situations. 
Its conditions are restrictive in that each C i  is assumed to be the nonnegative 
orthant 52. On the other hand, the assumptions with regard to the supply set X, do 
not imply its convexity. Generalizations which permit non-convex Ci's are also 
possible. 

REMARK: is the closure of its interior in the LF,-topology TO guarantee that YF, 
it is not sufficient to postulate that X, and Y' are the respective closures of their 
interiors in appropriate relative topologies. This is shown by the example in 
Figure 5.8. 

FIGURE5.8 

X ,  = the set bounded by A B C D E F G A  (shaded \), C L  = R, Y L  = R - ( w L )= all points east, 
north, and northeast of G (shaded ///), Y,, = DEFG and DC. 
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To state the result below, we first introduce some definitions. (These definitions 
can be specialized to the case of pure exchange by setting X ,  = {Ox).)From now 
on we shall be assuming that 

Define first the ith feasible consumption set 

C; = {z '  E R w  :( y l ,. . . .y', . . . .y") E YkH, for some I'1, . . ..y l - yl .  

We may note that, with w = Xy= wJ,C ;  = ((13)+ X ,  - 52) n SZ,  for H > 1. and 
cf. = ((a)+ X,) n R ,  for H = 1. 

Note also that C ;  has the same value for all i = 1,2, .. . ,H. We further define 
E - lo,(C;), the smallest linear suhspace5' containing Cb, and K = E n 52. 

Then E is a h e a r  subspace of R ~ ,SZ is a closed convex cone, and hence so is K .  
We shall write, for x E RM,x a KO x  to mean x E K ,  and x >>, Ox to mean 
x E Int, K .  Finally, define the feasible subset X,, of X ,  by 

where y - ( y l . . . . . j s H ) ,  and L,, - Y(X, , )  = the smallest linear uarlety con-
talnlng X,,. We are now able to formulate Assumption ED.7a. 

5.6.8. A Positivity Assumption (Assumption ED.7a). 

ASSUMPTION and every ci > 0 ,  there exists x' E X,,ED.7a: For every x E X,, 
such thats8 ( 1 )  / x r- xi  < 6,(2 ' )X' E IntLsF( X S F ) ,(2")X' + w >>K 0 ,  

Note that condition (2") is equivalent to x' + w E Int, K ,  i.e., to x' E Int, ( K  -
(w ) ) .Hence conditions ( 2 )can be stated more briefly as (2*)  x' E IntLsF(X,,) n 
Int, ( K  - {w ) ) ,and Assumption ED.7a is equivalent to : 

ASSUMPTIONED.7a* : X s F  = Cl, [IntLsF( X S F )n Int, ( K  - ( w ) ) ] .  

' F̂or H > 1, condition (2") in Assumption ED.7a below implies 0 ,  E jw) + X s- D = C;. so 
that the smallest linear variety containing C';.is necessarily a subspace. For H = 1, this need not be the 
case in general, but 0, E C; would follow from the additional assumption of free disposal: (X, + 
(-n))sz x,. 

5 8  In Example 2, this assumption is violated: X,, = Y,, and if x were chosen in the middle of the 
segment CD, there does not exist a nearby x' such that (2') is satisfied. (Here L,, is the whole two- 
dimensional plane.) 
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REMARK1 :  Given any feasible59 input-output vector x, Assumption ED.7a 
guarantees the existence of a (not necessarily distinct) feasible input-output 
vector x'which is "surrounded" by other feasible vectors and which, together with 
the total initial endowment w, contains positive amounts of all commodities that 
can be supplied by the economy in positive amounts. 

REMARK2 :  Condition (2") of Assumption ED.7a is a generalization of (5.38') in 
Example 2 of Subsection 5.4.2 above, since (2") in Assumption ED.7a is equivalent 
to (5.38') when E = R M  (SO that K = 52). 

REMARK3 : Lemma 5.8 holds for the case of pure exchange, provided Ci = 52 and 
wiE 52. In this case X, = (0,) = X,, = L,, and E = {x E RM:x k  = 0 for k 4 J ) .  
where J = { jE A :wj  > 0) is the set of commodities available in positive amounts 
in the total initial endowment. (Recall that .N = {1,2, . . . ,M )  is the set of all com- 
modities, and w, 2 0 for all s E A,)Assumption ED.7a is necessarily satisfied 
with x'= x = 0,. 

5.6.9. A Sujicient Condition for YFHto be Regularly Closed 

LEMMA5.8: If C' = 52, wi E 52 for all i = 1 , . . . ,H, and Assumption ED.7a holds, 
then YFHis regularly closed (i.e., Assumption ED.7 holds). 

PROOF: We show that for every Y E  Y,,, E > 0, there is a J?~1nt,,,(Y,,) such 
that lly" - < E.  

Let Y E  YFH be given. Then there is I EX,, such that I = 11?= 7.Hence, by 
Assumption ED.7a, there is 2 arbitrarily close to I ,  with E Int,,, (X,,). and 
B + w >>,Ox. 

We now construct J? by setting 

I. 1 - A  
;= - w l + ( l  + w') +-(w + R )  +--- (2 - I)-i)(?

H H 

( i  = 1,2, . . . ,H), 

with 0 < i.< 1 and A sufficiently small. 
Now it can be verified that 

so that the y"' are compatible with 2. 
Also, 

5 9  In the sense that it can be supplied by producers and so distributed among consumers as to 
enable them to "survive" (stay in their respective consumption sets). 
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since J? + wi 2 ,  Ox, w + S >>,Ox, and i,> 0. Since 112 - 211 can be made ar- 
bitrarily small, it follows that 

(ii)  ~7+ mi >>,Ox ( i =  1 , 2, . . . , H). 

Finally, by making j. small enough, we can make 

(iii) 117 - yll < E (i = 1, 2,.  . . ,H), 

for any E > 0. 
Since Ci = 52, (ii) implies E Yi. Hence, in view of (i), since 2 E X,, it follows 

that y " ~YFH. More than that, by (ii), y' + wi E Int, (K). 
Now consider any y = (y', . . . ,y " )  E LFH. Clearly, yi + wi >>, 0, if l l y i  - 711 

is small enough. Also, y E L,, implies CfY=,y i  E L,,, and if y is close enough to $, 
C yi E XSF, since then IIIl yi - Il 711 = Ilx - 111 is also small and 1 E Int,,, (X,,). 

Hence FEInt,,,.(Y,,), and Y E  Cl,,, Int,,, (YFH). 

REMARK4 :  TO take advantage of the fact that Lemma 5.8 covers the case of 
missing goods, we verify Assumption ED.4*. (Since Assumption ED.4*"' pertains 
to preferences, it would have to be assumed separately. But we then have to 
check Assumptions ED.4*' and ED.4*".) 

Under the assumptions of Lemma 5.8, we see that Assumption ED.4*I1 holds, 
since C' = 52 (see Remark 2, Subsection 5.5.1). Also, by Assumption ED.7a, there 
exists y E YFH such that 

Z E I~~P(Y;) (  ( i  = 1,2, . . . ,H),Yi) 

and 
H 

Under pure exchange (N = H) or when there is only one producer (N = H + I), 
this implies that Assumption ED.4*' is satisfied, since then Xs = - YH+ 1 

When N > H + 1 (two or more producers), a slight strengthening of Assump- 
tion ED.7a would again yield ED.4*', viz, replacing (2') of Assumption ED.7a by 

and 

xlk E Int,(,SF, (xiF),for all k E K .  

(Here K is the set of all producers, i.e., K = .N' \ ( I , .  . .,H) and X:, = Xk, + 
{wk), Xkp denoting the production set of the kth producer and wk his initial endow- 
ment .) 

(It would appear that the assumption in (5.37) of "free disposal" for every 
producer, i.e., Xk, + ( -a)E Xk,, together with Assumption ED.7a, might yield 
(2'A.I 
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REMARK6 :  Possible generalizations of Lemma 5.8 might be obtained by re- 
placing R with an arbitrary closed convex cone in R M .  

5.7. Indirect Verification o f t h e  Assumption of'Openness (Assumption ED.6) 
cia Strict Dominance (Assumption ED.6a): Non-convex Exanlples 

5.7.0. Introduction 

In this section we show that for certain classes of continuous utility functions 
Assumption ED.6a of Subsection 5.6 is satisfied when each of the individual 
consumption sets C' ,  i = 1 , .  . . , H, is the nonnegative orthant R of R M . In parti- 
cular, Lemma 5.9 below shows that this is so when the utility functions are strictly 
increasing." 

Now. since SZ is the closure of its interior, it follows that, under the hypotheses 
of Lemma 5.9. Theorem 5.3 is applicable provided its assumptions concerning 
the feasible set Y,, are satisfied. (For example, they are satisfied for pure exchange 
since then Y,, is compact and is the closure of its interior in Y(Y,,).) Under 
such circumstances, therefore. the assumption of openness holds, and Theorems 
5.1 and 5.2 are applicable provided that the environment satisfies Assumptions 
E D . l E D . 4  and that the B process satisfies Assumptions PD.l  and PD.2. 

Notice that convexity of preferences is not required. Examples 3 and 4 below 
are cases of non-convex preferences satisfying the conditions of Theorem 5.3. 

5.7.1. A Sufficient Condition for Strict Dominance 

LEMMA5.9: I f  for cjach consumer i = 1 ,  2.. . . .H .  the utilitj, func,tion U i  is con- 
tirluous and strictly increasing, in cjach commodity y;. k = 1 , .  . . , M ,  and, if' C' is 
the nonnegatice orthant R of' R M .  tl~erl Assumption ED.6a is satisficjd. 

REMARK:An example ofa  utility function satisfying the hypotheses of Lemma 5.9 
1s : 

M 

U ( x , .. . . . .U,) = n ( x ,  + P,,.J, 
J =  1 

with sc,, p,  positive and x ,  nonnegative for j = 1.. . . . M. This is a translate of a 
Cobb-Douglas function. Examples with non-convex contour sets can also be 
constructed, e.g., U ( x , ,. . . .x,) = ZE, x f .  

PROOF Let t > 0, 6 > 0, jE Ffi, and jE YH(j)be glven Let Q denote the subset 
of (1.2. . , H )  \Q. with H Q  elements. so that I E Q' if and only if U1( j ' )= U1( i ' )  

60 Assumption ED.6a is also satisfied if utlllty is posltlve and strlctly lncreas~ng In the ~nterior of the 
nonnegative orthant but equals zero on the boundary (see below. Corollary to Lemma 5.9). Thls makes 
the results applicable to utillty functions of the Cobb-Douglas type. 

Examples in 5.7.3. below treat cases in which C' = R a n d  Assumption ED.6a is satisfied. even though 
the utility functions are not strictly increasing in the interior of Ci. 

In models with production. the strict monotonicity of utility could probably be replaced by local 
non-saturation together with the postulate that any good can be produced in small amounts with small 
inputs. 
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Since j E YH@)and y E YH,Q is non-empty. If  Q' is empty. then $ = j ,  vi = 0, and 
.uk = ik,with E'=ll+,  .qk = 2 ,  satisfy Assumption ED.6a. Hence it remains only to 
consider the case Q' # 0. 

Due to C i  = 0, for each i~ Q there exists j E (1,. . .,M )  such that jl > -oj, 
for otherwise j i  = - m i :  since U i  is strictly increasing and j i  3 -oi,this would 
contradict U i ( Y )> Ui@') ,which follows from i E Q. 

Now fix i~ Q and construct c as follows: for h = 1 , .  . . ,H and k = 1 , .  . .,M ,  
let 

( - 5 ,  w i t h O < < < y : + o ; ,  f o r k = j  and I t = ; ,  

v; = - for k =j and /IEQ', 

(0 otherwise, 

choosing 5' sufficiently small so that Ui(.Y + v i )  > U i ( y i )and ~lv'll< 6. (Such a 
choice is possible because of the continuity of U i . )Then, since oh = Ox for h E 
Q\{i)  and jh  + ch > j h  for h E Qr, we have, by monotonicity of utility, U h ( j h+ 
vh)> Uh(Jh),for all h = 1,. . . ,H. 

Hence chE V:(J, j), for all h = 1 , .  . . ,H, and therefore Cf=, chE Vd(J,9).Further, 

and o; = 0 fork # j ,so that Zf=, vh = 0,. S i n c e j ~  YFH. E f = , j h  = . ~ E X S ,and 
consequently 

(It  is implicit that the xk of Assumption ED.6a are the same .ek which have pro- 
duced ?.) 
5.7.2. A Second SufJicient Condition for Strict Dominance 

Lemma 5.9 does not cover the Cobb-Douglas6' utility functions, since these 
are not strictly increasing on the boundary of their domain. However, the following 
corollary to Lemma 5.9 covers all utility functions that are strictly increasing in 
the interior of the nonnegative orthant, constant on the boundary, with any 
point of the interior preferred to every point of the boundary: the corollary is 
therefore applicable to Cobb-Douglas functions. 

COROLLARY LEMMA = 1 , .  ...H ,  C i  = R (theTO 5.9: If', ,for each consun~er i 
nonnegative orthant of' R M ) ,  and the continuous utility function U i  sat is jes ,  for 
.uf,xu,xu' E R, tlre two c.onditions, 

( i i )  .Y' rJ 0,. .Y" $ 0,. x"' $ Ox a Ui(.u')= Ui(.u")< Ui(x"') ,  
A Cobb-Douglas utility function on R is of the form: U(x, ,  . . . .x , ~ )= njx? with z j  > 0 and 

x j s O f o r j =  1.2,.... M. 
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then Assumption ED.6a is satisfied. (For vectors, x >> 0 means that every coordinate 
of x is strictly positive.) 

PROOF:(We shall find it convenient to set Ui(x) = 0 for x $ 0, so that Ui(x) > 0 
for all x >> 0.) A slightly altered version of the proof of Lemma 5.9 can be used to 
establish the corollary. First note that for i . ~  for all Q we just have y1 > -w: 
j = 1,. . . ,M. Otherwise Ui(9') = 0. Since Ui(pi) 3 0, this contradicts Ui(9') > 
Ui(yi) for i E Q.62 NOW fix i E Q and construct v, with 0 < 5 < 9; + wf, as follows: 

I 

( 0 otherwise. 

We may take 5,  so small that U'(9' + v') > U1(y'), and Ilv'll < 6. Then 9: + v: > 
9:, for h E Q' and j = 1, .  . . ,M, and hence + oh)> ~ ~ ( 9 ~ )uh(Jh = Uh(ph), for 
i E Q', SO that vh E Vlf(J,9),for all h = 1, . . . ,H, and C:=, vh E Va(y,9).AS before, 

so that C:=, vh = Ox,  and 

5.7.3. Non-conrex Examples : Pure Exchange 

The following examples give continuous utility functions which are neither of 
Cobb-Douglas type, nor strictly increasing in each commodity,63 but which 
satisfy Assumption ED.6a. Hence by Theorem 5.3 in the (pure exchange) case 
Xs = {Ox) with Ci = R for all i, the openness property (Assumption ED.6) is also 
satisfied in these examples. It can readily be seen that the other conditions of 
Theorems 5.1 and 5.2 are also satisfied. 

EXAMPLE1 : Pure exchange, two persons, two commodities: H = N = M = 2, 
2 . 1  u = (a,b), a > b > 0 :  Xs = {(O,O)}, YF = YFH= {(y1, j3  ) . y l  + j': = a ,  y: + 

y; = b, y1 3 0, j,2 3 O}, U1(j,i, yi) = min (yi ,  yl), LJ2(j,f, j,:) = j,f + y:. 
Figure 5.9 shows this example In the form of the Edgeworth Box : 4. is a typlcal 

non-optimal point64 in (the set is omitted from the diagram): f IS a non- 
inferior Pareto optimal point, L~ = ( t l ,  r2), t 1  + c2 = 0, 1s an element of Va(J,j), 
and y' = 9 + c. Thus Assumption ED.6a is satisfied. We can also see directly that 
openness (Assumption ED.6) is sat~sfied since, e.g., the triangle EVD has a non- 
empty interlor. Here u1 is not strictly increasing in either commodity. 

62 The corollary does apply to cases covered by Lemma 5.6* above. 
63 Not even in the interior of R. 
64 More precisely, p = (yl, p2) is an element of the 4-dimensional space, while the point labeled y 

on our diagram has the coordinates of 7' when referred to O 1  and those of p2 when referred to 0'. A 
similar interpretation applies to other vector symbols in Figures 5.9 through 5.1 1. 
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EXAMPLE2 :  This example is the same as the preceding one, except that L2 of 
Example 1 is replaced by U2(y;. y:) = min (cj,:, y:), where c < 1 is a constant, 
so that both goods are strict complements for both consumers. Figure 5.10 shows 
this example in Edgeworth Box form. In this case the Pareto optimal set pconsists 
of two triangles formed by the lines along which the vertices of indifference curves 
for consumers 1 and 2 respectively are located. The set Li, is omitted from the figure 
but the point J is supposed to be an element of Li,: j is a Pareto optimal point 
preferred to ): by consumer 1 and indifferent to i t  for consumer 2. In this case J' is 
also Pareto optimal, but preferred to .F by both consumers. Clearly many choices 
of ( r l ,r2) satisfying Assumption ED.6a are possible. 

EXAMPLE3 : Pure exchange, two persons. two goods, non-convex preferences. 
Figure 5.1 1 (again in Edgeworth Box form) shows a non-optimal point ). and a 
Pareto optimal point f preferred to by consumer 2 but indifferent to ~t for 
consumer 1. The set of points preferred to ): by consumer 1 is the (non-convex) 
set lying to the right of the curve through 7 labeled B. The set of points preferred 
by consumer 2 to is the (non-convex) set to the left of the curve through .? labeled 
A. .? is a Pareto optimal polnt preferred by consumer 2 to 7,and indifferent to .? 
for consumer 1. The displacement ( r l , z 2 )  satisfies Assumption ED.6a. 
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EXAMPLE4 :  Pure exchange, two persons, one good, non-convex preferences. 
In this slightly unconventional example there is one good measured in units so 
chosen that the available amount o = 2z. The utility functions are Ui(jli) -
/sin 2vil, i = 1,2. We may think of this as an idealization of the case of a good 
which, while in principle available in any amount, is indivisible in consumption, 
so that multiples of a certain amount are preferred to intermediate quantities. 

Figure 5.12 shows this example in product-space form (rather than in an Edge- 
worth Box). In this picture the feasible set Y, is the line of slope 1 shown. The 
graph of the utility function of consumer 1 is shown (superimposed), but that of 
consumer 2 (which is identical) is omitted. The Pareto optimal set consists of the 
four isolated points labeled A, B. C, and D, respectively. Assumption ED.6a is 
satisfied, since any optimal point is preferred by both consumers to every non- 
optimal point. 

5.7.4. An Examplt. with I I Z ( , ~ ~ ~ L I S ~ F Z ~Rerur~zs in Produc,tion 

As a simple illustration with regard to non-convexity. one can show that the 
following environment would satisfy all assumptions of Theorems 5.1 and 5.2 
(hence, a fortiori, those of Theorems 5.1 * and 5.2*) : (i) there are two goods (M = 2); 

CONSUMER 2 

CONSUMER 1 
FIGURE5.12 
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(il) there are H 3 1 consumers with consumption sets C' = SZ and utility functions 
U1(x')= Elf=, u~(x:)~, all a, > 0, for all consumers, i E {I, . . . , H} ; the total endow- 
ment o, = EF=, w; 1s positive for each commodity (~.e., w, > 0. o2> 0). (ili) 
there is one producer (so that N = H + 1) whose production possibility set 
is X:" = ((x,, x2):x2 6 (xl)', x1 6 0). 

Here preferences are non-convex and production is subject to increasing 
returns (see Figures 5.13 and 5.14). 

The openness assumption is satisfied in virtue of Theorem 5.3 and Lemmas 5.8 
and 5.9. That the other assumptions of Theorems 5.1, 5.2 are satisfied follows from 
the discussion in Subsection 5.4.3. 

(The assumption w >> 0 could be weakened so as to make Theorems 5.1* and 
5.2* applicable via Lemma 5.6*, even though Assumption ED.6 of Theorems 5.1 
and 5.2 was violated.) 

FIGURE5.13 


Preferences of the ith consumer; k**  > k* 


FIGURE5.14 


The production possibility set (the closed set shaded \\) 
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5.8. A Surnl?lury of  the Resul ts for  Dicisihle Co~?lrnodities 

Because of the complexity of the case of divisible commodities, we provide a 
summary of the results of, and cases covered by, Section 5. 

The two basic results are contained in Theorems 5.1 and 5.2 of Subsection 5.3. 
These theorems respectively assert the optimality and stability (in a probabilistic 
sense) of the equilibrium of the B process, given that the process has properties 
given in Assumption PD.l and PD.2 and that the environment satisfies conditions 
ED.1-ED.6. 

Theorems 5.1* and 5.2* in Subsection 5.5 are generalizations of Theorems 5.1 
and 5.2 of Subsection 5.3, respectively, obtained by replacing Assumption ED.4 
with a weaker Assumption ED.4*. This relaxation makes the B process work in 
situations where some of the commodities are missing from the initial endowment 
(Subsection 5.5.5); it may also turn out to be useful in dealing with resource alloca- 
tion in economies with public goods. The counterexample in Subsection 5.5.6 
shows that Assumption ED.4*" (hence u fortiori Assumption ED.4) cannot be 
dispensed with. 

Going back to Theorems 5.1 and 5.2, the environment assumptions ED.l-ED.5 
are not too difficult to verify. Assumption ED.5 simply states that preferences are 
representable by continuous utility functions (i.e., that upper and lower contour 
sets are closed). Assumption ED.l requires that the admissible trading sets Yi be 
closed. For consumers, this is equivalent to the closedness of admissible con- 
sumption sets Ci and holds in the familiar special case where Ci = R (the non- 
negative orthant). For producers it is equivalent to the closedness of the production 
sets XL. 

Assumption ED.3 requires that the feasible trading set YF be bounded; since 
we are dealing with finite dimensional Euclidean commodity spaces, Assumptions 
ED.l-ED.3 imply the compactness of YF. 

Under pure exchange. Y, is bounded when the consumption sets Ciare bounded 
from below, in particular again when Ci = R. When production is present, and 
especially when there are two or more producers, i t  is somewhat more difficult 
to assure the boundedness of YF. A set of conditions sufficient to insure that 
Assumptions ED.l-ED.4 are satisfied is given in Example 2 of Subsection 5.4.2; 
these conditions do  not imply the convexity of preferences, although in other 
respects they are of the conventional type used in the theory of competitive 
equilibrium. As seen in Example 3 of Subsection 5.4.3, one can also dispense with 
the requirement of convexity of the aggregate production set. 

Assumption ED.4 requires that there exist a vector of compatible trades each 
of which is interior to its respective admissible trading set Yi. For pure exchange 
with C' = R (all i) this will be the case if (and only i f )  the total endowment in each 
commodity is positive (Example 1. Subsection 5.4). But the latter assumption is 
rather stringent. In Subsection 5.5, therefore. we establish the more general 
Theorems 5.1* and 5.2* (using the weaker Assumption ED.4* in place of Assump- 
tion ED.4); their application to the pure exchange case with C i  = R where some 
goods may be absent from the initial endowment is given in Subsection 5.5.5 on 
the assumption that preferences are monotone with regard to the absent goods. 
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When production is present, Assumption ED.4 can be satisfied with the help of 
conventional postulates such as free disposal in production (Examples 2 and 3, 
Subsections 5.4.2 and 5.4.3) but without resort to convexity. Again a weakening 
of those assumptions along the lines of Theorems 5.1* and 5.2* is possible. 

Finally, one must verify the least transparent condition, that of "openness" 
(Assumption ED.6). To facilitate this verification we show that Assumption ED.6 
is equivalent to the more easily verified ED.6a, provided that a projection YFH of 
the feasible set YF has the topological property of being the closure of its interior 
(Assumption ED.7). (The topology used is relative to a certain linear manifold 
and this makes the requirement less restrictive than it would otherwise be.) 

Now the topological requirement in Assumption ED.7 is fulfilled in the usual 
pure exchange case with Ci = 52. A more general result concerning the circum- 
stances (Assumption ED.7a) where YFHsatisfies Assumption ED.7 with production 
present, is given in Lemma 5.8 (Subsection 5.6.9). 

Supposing that YFH is the closure of its interior (Assumption ED.7), "openness" 
is guaranteed by Assumption ED.6a. In turn, Lemma 5.9 and its corollary (Sub- 
section 5.7) shows that monotonicity and continuity of the utility function. together 
with Ci = 52, are enough to imply Assumption ED.6a, hence the "openness" 
Assumption ED.6. 

Examples 1 through 4 in Subsection 5.7.3 show how the preceding results may 
be applied to verify the assumption of openness. These examples involve pure 
exchange with preferences that are not strictly monotone (Example I), non-
convex (Examples 3 and 4), and (Example 4) even oscillatory! A non-convex 
example involving production (increasing returns) is given in Subsection 5.7.4. 

Looking now at the totality of these conditions, i t  is easy to satisfy them all with 
non-convex preferences and non-convex production sets. In particular, Theorems 
5.1* and 5.2* are applicable in the case of pure exchange with continuous monotone 
preferences and C' = 52, regardless of whether there is convexity and regardless of 
whether the initial total endowment is strictly positive. 

When production is present, assuming the situation for consumers to be as in 
the preceding paragraph, one must additionally make sure that the jointly feasible 
set YF is compact and that the production YFH is the closure of its own interior; 
Example 3 of Subsection 5.4 and Lemma 5.8 of Subsection 5.6.7. may be of help 
in this task. It can be seen that non-convexity and absence of goods from the initial 
endowment do not pose a problem for the applicability of the B process. 
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