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SUMMARY

The informational efficiency of “price” and “demand” messages in a
resource allocation mechanism is studied here with the aid of the theory
of teams.! In the usual analysis of adjustment mechanisms (titonnement,
decomposition), the adjustment process is assumed to run to completion,
so that all the allocation and resource decisions can be made on the basis
of enough information to guarantee optimal decisions.? If, however,
decisions must be made before the adjustment process is completed, say,
after only a few iterations, then the decisions must be taken with limited
information, and thus under conditions of uncertainty. This paper dis-
cusses a simple model in an attempt to examine explicitly these problems
of uncertainty and limited information. A set of enterprise managers are
assumed to produce various commodities, using scarce resources allocated
to the enterprises by a resource manager. The enterprise managers also
make decisions that affect their individual outputs. Varous kinds of com-
munication among the managers, together with the corresponding
information structures, are formulated, including the communication of
price and demand messages. Optimal decision rules for the managers are
calculated for the objective of maximizing the expected value of an index
of total output. (It is assumed that the production functions and the

* The research described in this paper was supported in part by grants from the
National Science Foundation.

1 See [12, 17, 18].

2 See, however [14, 15].
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supplies of scarce resources are stochastic, but are observed by the respec-
tive managers.) It is shown that optimal decision rules based on a single
exchange of price and demand messages, between the resource manager
on the one hand and the enterprise managers on the other, produces as
good results as rules based on (1) complete information for the resource
manager, and (2) information about the supplies of resources on the part
of the enterprise managers. Furthermore, these price and demand messages
produce approximately fully optimal results when the number of enter-
prises is large. However, the optimal decisions of the enterprise managers
do not maximize profits, at least relative to any price that is the same for all
enterprises. An assumption that the production functions are quadratic
plays a key role.

1. INTRODUCTION

A basic proposition in the theory of resource allocation is that an
optimal or efficient allocation of resources can be sustained by a suitable
price system, in the following sense: If a given allocation of scarce
resources among units of production is optimal (or efficient), then, for
some suitable prices, for each production unit the quantities allocated
to it are equal to the corresponding inputs in a profit-maximizing input-
output combination.? Corresponding to this basic proposition there have
been developed a number of iterative procedures, sometimes called
“adjustment processes,” designed to produce the optimal allocation and
the associated prices as the limit of a (finite or infinite) sequence of opera-
tions in which both allocations and prices are successively revised. In the
typical procedure, each iteration has two steps: (1) Corresponding to a
set of trial prices, a profit-maximizing input-output combination is
calculated for each production unit; (2) On the basis of the profit-
maximizing input-output combinations of the several units (and possibly
previously calculated input-output combinations), the quantities of
available scarce resources, and the current (and possibly past) values of
the trial prices, a new set of trial prices is calculated for use in the next
iteration.?

In the simplest of these procedures (also the one studied earliest), at
step 2 of each iteration the available quantity of each resource (“supply”)
is compared with the total of the profit-maximizing inputs of that resource
(“demand”) calculated at step 1 of the same iteration; the trial price of

3 See, for example, [8].
4 See, for example, [1, 11, 3].
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that resource is then adjusted up or down according as the “demand”
exceeds or falls short of the “supply.” This type of procedure was first
proposed by Barone, and then elaborated by Lange and Lerner, in the
early discussion of “market socialism”; it was thought of as imitating
certain aspects of the operation of a competitive market.’

Indeed, these various adjustment processes are often also called
“market” or “market-like” mechanisms, and the procedures are typically
described in terms of exchange of information between, on the one hand,
managers of production units or enterprise managers, as we shall call them
here, and, on the other hand, resource managers or central boards. In
particular, Marschak [14] and Hurwicz [7] have emphasized the role of
prices and demands as ‘‘messages” in these adjustment processes, and
the present paper may be thought of as an extension of their approaches.

The concept of the market as an information processing system has of
course been a part of Western economic thought for a long time. Now a
message is not ‘“‘informative” unless it tells the receiver something he
did not know before. Hence the study of the value of an exchange of
messages (e.g., between enterprise managers and resource managers)
presupposes that before the exchange the various agents had incomplete
and different information about the relevant variables, and therefore could
properly be said to be uncertain about them. Furthermore, if observation,
communication, and computation are costly, and if the system of produc-
tion is at all complex, it will probably not be worthwhile to use an alloca-
tion procedure that achieves a complete exchange of information, or,
more generally, that results in allocation decisions as good as those based
upon complete information about the system and the available resources.

This suggests that the study of allocation mechanisms might usefully
be viewed as a problem of decision under uncertainty, and this will be
our point of view here. We shall (1) analyze the structure of information
generated by the “Lange-Lerner” adjustment process, (2) calculate the
decision rules for the resource and enterprise managers that maximize
the mathematical expectation of an index of the outputs of all the pro-
duction units, given the above structure of information, and (3) compare
the corresponding (maximum) expected output with that which can be
achieved using alternative structures of information.

It should be emphasized at the outset that in our analysis we search

$See [2, 9, 10]; for a recent discussion of market socialism, see [21]. A rigorous
discussion of the conditions under which such procedures converge to an optimal
allocation has been given in [20). For a treatment of a differential equation analog of
these procedures, see [1] and the references given there. The question of convergence
is closely related to, but simpler than, the question of “stability’ or competitive equilib-
rium in a model of an entire economy; for a survey of results in this area, see [16].
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for decision rules that are optimal with respect to the single criterion of
expected total output (or index of output). We do not in this paper
consider what incentives would be sufficient to induce the individual
managers to follow these optimal decision rules or to transmit accurately
the messages required by the adjustment process.® Thus we shall be using
the methods of the theory of reams,” rather than the more general approach
of the theory of n-person games.

One way to keep this clearly in mind is to imagine our problem to be
that of a systems engineer who wishes to set up a completely automated
system for controlling a number of production units and for allocating
scarce resources to them, and who has available a set of computers and
communication channels of limited capacity. The messages are to be
coded and the computers programmed to achieve a maximum expected
output of the whole system, but because of the limited capacities for
communication and computation, it is not possible to utilize all of the
relevant information. Therefore the engineer is restricted to using a
limited information structure and the correspondingly simpler class of
decision rules. Thus our image of each of the enterprise and resource
managers is that of a computer to be programmed to respond to specified
information inputs in such a way as to optimize the total system perform-
ance.

Notice, however, that we do not explicitly consider a set of alternative
information processing technologies and their optimal uses; rather, we
consider only the maximum expected output that can be obtained using
alternative information structures. Conclusions from the more ambitious,
and ultimately more satisfactory, approach will have to await the results
of future research.

A very brief summary of the results of the paper has already been
presented in the initial section. In order to introduce the main concepts
and conclusions, we first present these results (without proofs) in the
context of a simple model in which there is only one scarce resource to
be allocated (Section 2). We then develop the theory for any number of
scarce resources and local decision variables (Sections 3-6). As already
noted, an assumption that the production functions are quadratic plays

¢ This question has been considered by one of the authors [5], who has been able
to show that suitable incentive systems—i.e., definitions of enterprise “‘profit”—do
indeed exist that would induce individual enterprise managers to follow the information
and decision rules derived in the present analysis. The profit functions, however, involve
prices charged to the enterprise managers that depend on the actual quantities delivered,
e.g., “quantity discounts.”

?See [12, 17, 18]
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a key role in the analysis. However, to each of our results there corresponds
an approximation theorem for the nonquadratic case [4].

2. THE ALLOCATION OF A SINGLE RESOURCE

2.1. A Formal Model

Suppose that there are » enterprises, each with a single output, and
that there is a single source of some scarce resource, which is an input
for each of the enterprises. Let the output of enterprise i be fi(L; , K , p;[s]),
i=1,..., n, where K; is the quantity of the scarce resource allocated to
enterprise 7, L, is a decision to be taken by the manager of enterprise i,
and u.(s) is a random variable depending on the state of nature, s. For
example, K; might be the quantity of a raw material used in the production
process, L; is a variable indicating the “choice of technique,” and p(s)
a parameter of the production process about which there is some
uncertainty. We shall further suppose that there is a “‘resource manager”
(i = n 4 1) whose task it is to allocate the total supply, x(s), of the
resource to the enterprise managers, and that this total supply is also a
quantity about which there may be some uncertainty.

The team are thus the n enterprise managers and the single resource
manager; the decision variable of enterprise manager i is d; = L; (a real
number), and the decision variable of the resource manager is
dy = (K ,.... K;), a vector whose components are subject to the
constraint

Y K; = «(s), each s.
iz

To specify the payoff function, we assume that the payoff to the team
is a linear index of output

n

(s, d) = Y wifi(L; , K; , pslsD),

i=1

where w; ,..., w,, are positive numbers.
The state of the environment can be adequately described® for this
problem by the (n -+ 1)-tuple

8 = [t(8)y--., (), x(5)].
® The actual environment may, of course, be more complicated, but this description

is adequate to deal with the problem as stated, and more detail would be irrelevant.
For a discussion of the choice of state and action descriptions, see [13].

642/4/3-5
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An information structure n = (1, ,..., Jn11) for the team determines
what information 7,(s) team member i will have (on which to base his
decision d;) if the environment is in state 5. Given an information struc-
ture, the problem of the organizer is to determine a team decision function
8 = (3, ,..., 0,41 that maximizes the expected payoff to the team. The
team decision function determines the actions of the team members as
follows: If the environment is in state s, then the action of member / is
d(nils)).

We shall consider several alternative information structures for this
problem, all of which have the property that u; is a contraction of 7, ,
fori = 1,..., n and « is a contraction of 7,., . In other words, we assume
that, whatever be the information structure of the team, each enterprise
manager observes the parameter u(s) of his own production function,
and the resource manager observes the total supply «(s) of the resource to
be allocated.

This paper will be concerned with the quadratic case

filL; s K 5 pi(8)] = 2p50(5) Ly + 2p5x(s) K;
—L?— K?—-2qL,K; (¢ <)

(We have assumed that the coefficients of the quadratic terms are the
same for all enterprises, and have chosen the units of measurement so
that the coefficients of L2 and K;* are unity.) The coefficient (—2g)
measures, in a sense, the complementarity between K; and L; in the
production function. The random parameter p,(s) is the pair [p;:(s), w;x(s)}-

It can be shown that there is no loss of generality in taking the random
parameters of the system to have mean zero [18]. In other words, we
adopt the convention of measuring the random parameters from their
means. We shall assume that the several random parameters, the u,; , the
wix » and «, are statistically independent. We could carry out the analysis
without this restrictive assumption, but the results would be much more
complicated. The independence assumption is not unreasonable if we
interpret the random parameters as reflecting “local variations” in
technology, working conditions, and supply.

To express the assumption that the enterprises are “similar,” we shall
assume that g, ,..., 4, are identically distributed, and likewise that
1K 5-s Pnx are identically distributed. We shall use the notation

Variance (u;;) = o7%,
Variance (u;x) = og%,

Variance (k) = 7%
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2.2, Four Information Structures

Let us now consider four different information structures that might
be generated by communication among the members of the team, after
each enterprise manager observes the random parameters of his production
function, and the resource manager observes the total supply of the
scarce resource. The formulas are given in Table I. The first (I) represents
the case of No Communication. At the other extreme (1V) is Complete
Communication, which would enable all the managers to have complete
information on the actual values taken by all the random parameters of
the system. Alternatively, the same information structure could be
produced by having the enterprise and resource managers report their
observations to a “‘central planning board,” which would then compute
the enterprise decisions and the allocations, and transmit them to the
managers.

TABLE 1

Summary of Information Structures

Enterprise manager’s Resource manager’s

Information structure information function information function
I No Communication i = (ip, pix) K
II One-Stage Lange-Lerner (pi 5 ©) | QS ) §
where

Vi = pag — qiiL
III Complete Exchange (s, 6) (11 5eeey Bin s K)
with the Center

1V Complete Communication (1 5eees Pon 5 6) (11 5ere5 fin » K)

Information structure II involves some, but not complete, communica-
tion, and can be thought of as generated by a kind of ““market mechanism.”
The various market mechanisms, or market-like mechanisms, that have
been discussed in connection with the allocation of resources can be
viewed as processes of communication by which information is exchanged
among the decision-makers of an economic system. Usually such processes
are described in terms of an iterative procedure in which at each stage
there is an exchange of information about “prices” and *“demands” (or
“supplies”) between enterprise managers and resource managers and/or
central planning boards. We consider here a one-stage process in which
the resource manager announces a “price” and the enterprise managers
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respond with a set of “demands” for the scarce resource. On the basis of
the resulting information the various managers then determine their
decisions. We call this the One-Stage Lange-Lerner information structure
because the process is suggested by the discussion of market socialism
by Lange and Lerner [10, 21].

Although our version of the finite Lange-Lerner mechanism has the
resource manager communicating first, we might equally as well have had
all messages exchanged simultaneously. The price used by the enterprise
managers in this case to calculate their “demands” might be, for example
the price announced in the immediately preceeding period. We are,
however, definitely excluding a version of the mechanism in which the
enterprise managers communicate first, followed by the resource manager’s
response. Such a mechanism would be equivalent to complete communica-
tion for the quadratic example we are considering and thus would not be
very useful in providing insights to situations in which limitations of one
kind or another prevent a full exchange of information. In our version
of the adjustment mechanism, by having the resource manager communi-
cate prior to his receipt of the enterprise managers’ messages, we ensure
that no matter what messages are sent, there cannot be a complete
exchange of information, since the resource manager cannot be used to
relay information from one enterprise manager to another.

Regarding the definition of “price” there are various alternatives. For
example, one might consider the conditional expected shadow price,
given the actual supply «(s) of the scarce resource. Fortunately, in the
one-stage communication procedure it is not necessary to decide on a
particular definition of price, since the price can (at most) depend upon
x(s), which is the only information possessed by the resource manager
that is not possessed by the enterprise managers at the time he sends out
the price signal.

Regarding the specification of ‘“demand,” the literature suggests
defining the demand for the scarce resource by enterprise i, given a
“price” i(s), to be that value K;* such that (L;*, K;*) maximizes the
“profit”

f;(Lt s Ki > l"’i[s]) - lpb[s] Ki .

In the quadratic example we are considering, one easily calculates K;*
and L,* to be

pix(s) — quar(s) — [$(5)[2] _ vils) — [¥(5)/2]
1 — q2 1 — q2

L* = par(8) — qusx(s) 1 [q(s)/2]
(1 1 _ qz

Ki* Bl

)

k]
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where
vi(8) = pix(s) — qur(s).

Notice that if (s) is the price communicated by the resource manager to
the enterprise manager i, then the communication of the demand K,* by
the enterprise manager to the resource manager is equivalent to the com-
munication of v,(s), since the resource manager already knows (s) and q.
(If the resource manager did not know g, then we would have to treat ¢
as a random variable, i.e., a magnitude depending upon the state of the
environment; see below for further remarks on this point.)

Therefore, in the light of the foregoing discussion, there is no loss of
generality in supposing that the resource manager communicates the value
of x(s) to each enterprise manager, and that each enterprise manager i
communicates v,s) to the resource manager. The corresponding informa-
tion structure implied by this is

ny = (F’i s K)9 i = 19"'9 n,
Nty = (Ky V1 yoees V).

The reader should keep in mind, however, the “price” and “demand”
interpretation of this information structure.

Finally, information structure III is generated if the resource manager
communicates the supply of the resource to the enterprise managers (as
in the One-Stage Lange-Lerner structure), and the enterprise managers
send complete information about their production functions to the
resource manager. We shall call this Complete Exchange with the Center.

The four information structures are summarized in Table I.

2.3. Comparison of the Information Structures®

Using the methods described in Section 4, one can calculate the optimal
team decision functions (Table II) for each information structure, and
the corresponding expected payoffs £2, , where k = 1, II, IT], IV denotes
the information structures in Table I. For k == II, ITL, IV, the value of com-
mumication for the corresponding information structure is defined as
Vy = £, — €. The two main results are (see Table III):

(1) &4y =8mu. In other words, by comparison with One-Stage
Lange-Lerner, the expected payoff cannot be increased by having the
enterprise managers send complete information about their production
functions to the resource manager. Thus the “‘demand” message is an
optimal response to the “price” message.

* All proofs have been omitted from this section, but are given in the analysis of the
general model in Sections 3-6.
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TABLE I

Optimal Decision Functions

Information Enterprise manager’s Resource manager’s decision
structure decision function function (i’s allocation)
I B K
=1)
i — qpix
n—1 -7
11, 111 —q (f) fp B7v
( n )_2 n n 1_(n—1)2
n—1 9 n q
v nm~qu+qi_q(§) f+"i_’-’
1 -4 n n 1-—g¢g?
Table III
Value of Communication
Information Asymptotic value of
structure Value of communication communication
2,2 2 2.2 24,2 2
II One-Stage n _q_.at'_—’-__ok_ 9T _q_olf'_—l__:_K_ + g?r,?
n n -—
Lange-Lerner T~ q? q
n—
20. 2 _|_ Fes 2 2.2
IV Complete n—-1 %q—lf——?K— T (same as above)
. - n
Communication 1

Notes: (@) Vi, value of communication for structure k, equals £2, — £2;; (b) 2 =
nor? — 72/n; (©) Vir = Vi ; (d) Asymptotic value is defined here as n(lim, . Vi/n).
It is assumed here that +2 = n®r,2, where r,? is the same for all »; this affects the second
term only.

) lLm,.. (Viv-Vu/Viv) = 0. Thus the percentage loss in using
the One-Stage Lange-Lerner structure rather than Complete Communica-
tions tends to zero as the number of enterprises increases without limit. (This
is demonstrated by showing that (i) Viy—¥Fy is bounded above by a
quantity that is independent of », and (ii) ¥y grows at least as fast as n—
exactly how fast will depend upon the relationship between -2 and n, i.e.,
between the variance of the total supply and the number of enterprises.)
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3. THE ALLOCATION OF MANY RESOURCES

3.1. The Multi-Resource Model

We now consider a general model in which the resource manager has m
resources to allocate to n heterogeneous enterprises and each enterprise
manager has p; local decisions to make. Each enterprise produces a single
output using some or all of the resources. Let the output of enterprise i be

FIK:, Lo, pa9)] = 20(5) [IL(] — [K/L/] [g %] [’2] i=1,.,n
where K is an m;-dimensional vector denoting the quantities of m; (< m)
resources allocated to enterprise i by the resource manager, L; is a p;-
dimensional vector denoting p; decisions taken by the i-th enterprise
manager, uy(s) is an (m; -+ p;)-dimensional vector of random variables
depending on the state of the environment s, and [5;, g::] is an
(m; + p;) X (m; + p;) positive definite symmetric matrix.?® The total
supply of the resources is denoted by «(s), an m-dimensional vector of
random variables depending on the state of the environment s.

The team members are the n enterprise managers (i = 1,..., n) and the
single resource manager (; = » + 1). The decision variable of the i-th
enterprise manager is d; = L; (a p,-dimensional vector), and the decision
variable of the resource manager is d,.; = (Kj,..., K,), an n-tuple of
vectors subject to the constaint

Y TiK; = «(s)  for every s,
j=1

where

_ . 51 if resource k is the /-th
T; = (tiy)  where fi; = {resource used by enterprise j,
0 otherwise.

(The matrix T; is an m X m; matrix that reindexes the m; resources used
by enterprise j to conform to the resource manager’s list of resources
and expands the dimensionality of K; from m; to m, adding zeros for
those resources not used by enterprise j.)

The payoff function of the team is a linear index of the outputs of the
enterprises:

n
w(d, s) = Y wifi(L;, K3 pis)),

=1

1 The transpose of a matrix or a vector is denoted by a prime ““ .
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where w; is the weight assigned to the j-th output and d = (d, ,..., d,.y).
Since the state of the environment enters the model only through the
vectors p(s), i = 1,..., n and x(s) of random variables, the state s can be
adequately described for this model by the vector s where!!

8 = [p()yeres pn(8), ()]

We let S denote the set of all possible states .

An information structure specifies the information each team member
will have about the enironment. Let Y;, i = 1,...,n -+ 1, denote the set of
all possible messages that team member i can receive regarding the state s
of the environment. An information structure % = (%, ,..., Jn4q) is then
an (n + 1)-tuple of information functions »; from Sto ¥, ,i = 1,...,n + 1.

An intuitive interpretation of an information structure can be provided
by considering the partitions of S induced by the inverses of the informa-
tion functions, ;. If the i-th team member receives the signal y; in Y;,
he is unable to distinguish between all s in the subset n;%(y;) of the parti-
tion. Given two information structures ! and %", if, for every i, the
partition P! induced on S by (»/)! is “finer” than the partition P}
induced by (y")~2, then %! is more informative or conveys more informa-
tion than 5.

Given an information structure 7, the decisions taken by the team
members are restricted to depend on their information. Let D;,
i=1,.,n -+ 1, denote the sets of alternative decisions that the team
members can take. Since L; is the decision variable of the i-th enterprise
manager, D; = R? for i = 1,..., n. The decision set D,, of the resource
manager is the set of n-tuples (K ,..., K,) where K; is an m;-dimensional
vector.

A team decision function, denoted 8 = (6, ,..., 8,,4), is an (n + 1)-
tuple of decision functions 8; from Y; to D, . Since an allocation of the
resource manager cannot exceed the total supply «(s), the decision function
8,4 s constrained to satisfy'?

S Tyefmna(s)) = xls)  for every s @a.1)
=1

11 For notational simplicity [o, ,..., o,] where o; is a p~dimensional vector denotes
the ¥_, p,~dimensional vector
[ i ]
on

12 Although it would be reasonable to impose nonnegativity constraints on «, ,..., k.
as well, this has been neglected. This approach is justified if, for the optimal decision
rules, the probability of negative «’s is small.
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where

Ot = (K1 sy Kn): Yy > Dy .
Note that Eq. (3.1) is consistent only if the resource manager knows the
total supply «(s) for every s, that is, x(s) is a contraction of 7,,, . All
information structures discussed in this paper will have this property.

Given an information structure % and a team decision function 8,
the team payoff is defined by the function w(8[n(s)], s) from S to R where

8[n(®)] = [Br(nu(Dse.ss Fnss(nsa(sN].

We assume that the team organizer’s objective is to choose a team decision
function 8* (if one exists) that maximizes the expected payoff to the team
for a given information structure . The maximum expected payoff for %,
is denoted

Q(n) = max E[w(3[1(s)], 5)].

3.2. Optimal Decision Rules and Expected Payoffs

To derive the optimal team decisions, the following theorem [19] is
used:

THEOREM 1. Suppose that the team’s payoff function is

n41 n+1
o(d,s) =2 Y v/(s)di— ). d/Qud;, (3.2
i=1 i,j=1

where d; is a vector for all i, the matrix made up of the blocks Q,; is positive
definite, and for each i and s, d; is subject to the constraint

Bid; = y{s). (3.3)

Then, for all information structures v such that y(s) is a contraction of
N, i = l,.,n+ 1, there exist vector-valued functions ¢, .., dn\y on
Yy sy Ypiy Such that the optimal team decision rule 8 = (8, ,...,8,.1) is
determined uniquely by the Egs. (3.3) and

n+1

z Q4E[S( ;) | 1s) = y:] = Elvi(s) | n:i(s) = y:i] — 1B/$(y:) 3.9

j=1

forall y;e Y; and for all i = 1,...,n + 1, where E[6{y;) | y;] is the condi-
tional expectation of 8 y;) given y; and similarly for E[v(s) | y;]. Further-
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more, the expected values of the optimal decision functions 8; and the
Lagrangian multipliers ¢, are the same for all information structures. [The
multipliers ¢, may be interpreted in the usual way as the “shadow prices”
associated with the constraints.]

Applying Theorem 1 to the model of Section 3, conditions (3.3} and
(3.4) become

n+1

’21 Tik(Yni1) = «(s)

SALys) + Q) E(ki( Yns1) | ¥i] = Elpir(s) |y}, forall y;eY; (3.5)
GEN(Y) | Yna] + Rk Ynsn) = Elpix(s) | ynsal — —237 T $(Yns1s

for all yp4y € Yyyy Where (ky 5oy k) = 8ppand A, = 8 ;i = 1,..., 1.
To compute the expected payoff, the following corollary to Theorem 1,
[19] is used:

COROLLARY. Under the hypotheses of Theorem 1, the expected payoff
using the optimal decision functions 8; , can be expressed as

n+1

E[w(5, )] = E}Y [vi — Ev) [6; — E8.] + 3¢ — EY [y: — Ev)

i=1 .
+ Elo(ES, ] (.6
El(ES,5)] = Y. [(Bv) BS, + }ER) Byl &)

For all information structures such that y,(s) is a contraction of 1,(s)
the maximum expected payoffs have in common the term E[w(ES, 5)]
which depends only on the expected values of the random variables v,(s)
and y(s) and the optimal decision rules §; and multipliers é; . Since the
expected values of §; and q?i are independent of the information structure
(by Theorem 1), the term (3.7) is constant for all information structures.
Since the first term of (3.6) is a sum of covariances, for the purpose of
comparing the expected payoffs associated with different information
structures, there is no loss of generality in assuming the expected values
of the random variables v/(s) and y,(s) are zero. Thus, we adopt the
convention of measuring the random variables by the deviations from
their means. It then follows, from (3.3) and (3.4), that the expected values
of the optimal decisions and multipliers are zero.
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For the resource allocation model of Section 3, (3.6) becomes

Q) = Elo(8, $)] = 3 wiE (i + pih) -+ 3E@)

i==1

(3.8)
= 3wkt [wi(§)] + 124 o,

where the convention that
Blu] = E[**] =0, i=1..n and Bl =0
ML

is adopted. In addition, the following assumption regarding the distribu-
tions of the random vectors p; and « is made:

Assumption P. The vectors of random variables y; and « are distrib-
uted independently and with finite variance-covariance matrices:

Var(u,) = Z;, i=1,.,n and Var(e) = 27,. (3.9)

The assumption of independence is not strictly necessary, but it simplifies
the analysis greatly. It is not perhaps so unreasonable if the random
vectors p,(s) are interpreted as reflecting “local variations” in technology,
working conditions, and supply. In contrast to the elementary model of
Section 2, no assumption is made regarding the similarity of the enter-
prises.

3.3. Four Information Structures

We now consider the four information structures discussed in Section 2
that are generated by different communication exchanges among the
team members. The first, %!, corresponds to No Communication: At the
beginning of the decision period every enterprise manager observes the
values of his random production parameters p(s) (i = 1,...,n) and the
resource manager observes the total supply of the m resources K(S) Thus
Y! = Rm™+vifori = 1,...,n, Yi,, = R™and

7(s) = [pds)]  i=1..,n
Nria(8) = [x()] forall se . (3.10)

The case of Complete Communication results if each team member com-
municates his observation to all the other team members. This communica-
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tion generates the information structure 7.'. The information functions
7Y are the identity functions:

"lgv(s) = [,U-,'(S),..., f"‘n(s): K(S)] = 5, l == 1,..., n + 1. (3.11)

Note that the inverse functions (3}¥)"! are also the identity functions so
that for each y; € ¥}V = S there is only one element s in the set (}7)( y,).
Thus, for »'V there is no uncertainty at all regarding s—given y,, the
i-th team member knows precisely which state s has obtained.

The third information structure 5! results from restricting the com-
munication among the team members. Specifically, suppose that each
enterprise manager communicates the values of his random parameters
p8) to the resource manager only, in return for the information on the
total supply. In this case, Y/ = Rimitpitm) for, j=1,..n, Yol =S
and

I — R ;.
77:' (S) - [F‘Z(S)7 K(s)]’ i 17'-'3 n, for all s€E S. (3.12)
Psa(s) = 5.

This case is referred to as Complete Exchange with the Center.

The fourth information structure »™ involves the communication of
market-like information. At the beginning of the decision period the
resource manager observes the total supply of the scarce resources «(s),
and the enterprise managers observe their production parameters p.(s).
The resource manager then announces a vector of prices based on his
observation of the total supply. In return, the enterprise managers calculate
their demands for the resources and communicate these messages to the
resource manager. No further communication occurs and the managers’
decisions are made on the basis of the information acquired by the single
exchange of messages. The resulting information structure 5! is called
the One-Stage Lange-Lerner (OSLL) information structure.

As discussed in Section 2, the rule by which the price vector is computed
need not be specified precisely. Since the only information the resource
manager has at the time he sends out the price vector is «(s), the prices
can depend, at most, on «(s). Thus, there is no loss in generality in assuming
that the resource manager communicates the values of the vector «(s).

Regarding the rule for calculating the demand messages, we use the
following “profit-maximizing” rule. Suppose that the enterprise managers’
“profit” function, given the vector of prices ¥ announced by the resource
manager, is

mlL;, K; 5 ps P} = wiflLi, K s ps) — Y TK;.
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Then, since f(L; , K, ; p;) is the quadratic function defined in Section 3.1,
the pair [L;*(p; , ), K;*(p: , )] maximizes w; , where

1

K* = Di'v(s) — S

-D t—lT i' ‘/19
Li* = SPpals) — S7QIDPws) + 1 570/ DI T,

where v(s) = [I, — 0,57 ps) and D; = (R; — Q,;5;7Q,). Note that K, *
is an m-dimensional vector and if it is the demand message received by
the resource manager, in response to the price message ¢, he can easily
compute the value of v,(s)—an m,-dimensional vector. Thus, the message
K;* is informationally equivalent to the message v,(s), and there is no loss
in generality in assuming that the enterprise managers communicate the
values of the vectors v(s) instead of K;*, i = 1,...,n.

The One-Stage Lange-Lerner information structure n" is thus defined
by

1(8) = [<(s), pe9), i =loyn,
(.13)
7’}1[1—1(‘5‘) = [K(S), Vi(s)’"-a V”(S)].

We emphasize again, though, that the price and demand interpretation
of the OSLL information structure should be kept in mind.

4. THE DERIVATION OF THE OPTIMAL DECISION RULEs!3

In this section we give a sketch of the derivation of the optimal decision
rules for the Complete Exchange with the Center information structure
W, Recall that »'! is defined by

7)) = [wls), k@], i =1,
(3.12)

"I}Hl(s) = [#1(s),---, I"n(s)’ K(S)] = s

In Section 3.2, Egs. (3.5) were presented as equations uniquely deter-
mining the optimal decision functions for any information structure 7.

12 This section may be skipped up to Eq. (4.7) without loss of continuity. It is intended
to provide some purely technical details of deriving optimal decision rules.
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Since p;; and ;¢ are contractions of % and 5/ is a contraction of 41}, ,

Elpir(s) | i1 = par(s), E[pix(s) | yata] = pax(s),
and

B Lymial = A,
Thus, for »'M, Eqgs. (3.5) reduce to (dropping the superscript III):
Y. Tirci Vi) = w(s) forall ypiy€ Yo,
SA(y:) + Q/E[kd(ynsa) | il = pisls) forall y;eY,, (4.1)

1 )
QM) + Rixki( Yni1) = mix(s) — D T/ ¢(ypy) forall y, €Y.

These equations determine uniquely the optimal decision rules in the
sense thatif A; , 8; , i = 1,..., n, and ¢ are 2n + 1 functions satisfying (4.1),
then A, and %, i=1,..,n, compose the optimal team decision rule
for o1,

Assume that the optimal decision functions are linear in the messages y; ,
i=1,.,n+1:

R Vns1) = AiVnsa = Aok(s) + Y, Ajupi(s),

J=1

Xz(yz) == B;y; = Byx(s) + Biz‘p'i(s), 4.2)
$ns) = s = Corls) + iCJw(S)-

These equations must then satisfy the conditions (4.1). Since the random
vectors p(s), i = 1,..., n, are distributed independently (Assumption P)
with zero means

E[R{(¥ns1) | Y] = E[R{(Pnsa) | x(5), pi(8)] = Agir(s) + Aizpis)

(4.3)
= [Agdig] ¥s -
Also, by (3.12),
x(s)
_rx(s)1 _ wm | _ 1,000
y"_[m(s)]_P" | =P where 2= o]

alS) (4.4)
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Substituting (4.2) and (4.3) into (4.1), using (4.4), yields,

li TiAz] Va4 = k(5)

i1
SiBiPiyni + Qi [Agidi] PiVna = pilS) i—=1,.,n,
Q:iBiP:yni1 + RidiYpin = pik(s) — 2—lw‘: T Cynia
or
2 Tids ()
R;A; + Q,B;P; + T Cl yny = [NzK(S)] = LiVnt1 s
0/ [Agds] P; + S,B,P, wdD G n @)

Thus, if the optimal decision functions are linear, (4.5) implies that

R A; + O:B:P; + 1 -T,)C| =P, i=1,..,n 4.6)

Q. [Aeds] P; + SszP e

If the assumption that the optimal decision functions are linear is false,
then Eq. (4.6) would not have a solution in the unknowns A;, B,
i =1,...,n, and C. If the equations do have a solution, given by 4, , B, ,
i = 1,..,nand C, then Egs. (4.2) evaluated at the solution values compose
the unique optimal team decision rule.

It can be proved that, in general, the system of Egs. (4.6) has a unique
solution under the assumptions made for the resource allocation model;14
however, a solution can be found directly by a tedious amount of linear
algebra. Substituting these solution values into (4.2) gives the following
optimal decision functions for »'*:

1 (Puit) = Zi(s) + F'Nipi(s) — X; Y, TiF7*Nip(s)
j=1

M) = SPals) — STQI — XiT) F'Nuw(s)
— 57204/ Z x(s) i=1l.,n @7
$¢"(ypi1) = R Z T;F;"Nju(s) — D~k(s),
=1

14 See [18, Lemma, p. 870]. It is however, tedious to rewrite (4.6) in the form necessary
to apply the lemma.
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where
D = (R — 0:570/), p=7Y Lrpprry,
it Wi
R=3 o TR, No = [~ Q57
j=1 Wi
X, = 1 RT/ R, Z, = 1 D;\T/ D,
Wi Wi

F; = R; — Q:5:'Q/(I — X;T).
Using Egs. (4.7) in (3.8), the maximum expected payoff for 1! is
Q™ = Y w; To{( — X,T)) F'NZN{ + Z{S7y — Tr{Z, DY,
=1 4.8)

where ZFF = Var(u,;) and Tr 4 denotes the trace of a square matrix 4.15
The optimal decision rules and maximum expected payoffs for the

other information structures are similarly derived. Those for the No

Communication information structure »! defined in (3.10) are

kM Yni1) = Xix(s)

P =Ly, 49)
M) = S par(s)
%¢I(yn+1) = —Rk(s),
QoY) = 3w, Te{ZFSTY — Tr{Z, R, (4.10)

i=1

For the Complete Communication information structure %!V, defined in
(3.11), the optimal decision functions and maximum expected payoff are

n
ng(val) = Z(s) + D?lNii‘-i(S) —Z; Z TiD;lNa'M(S)’

j=l
i=1,..,n,
)\gv(J’i) = Si—lﬂviL(s) - Si_lQilziK(S) @a.11)
— S7YQ/[D*Nipd(s) — Z; Y, TiD7 Nypi(s)],
j=1
i=1,..,n,

16 Used here is the following property of the trace: Eix’Ax] = E[Tr(Axx)] =
Tr[AE(xx")] = Tr[4Z] where x is a vector of random variables with zero mean and
variance-covariance matrix X and A4 is a fixed matrix.
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V() = D TD;Wis(s) — Dix(s),

=1

Q™) = ¥ w, Tr{I — Z,T)) D'N.Z:N, + ZI's7% — Tr{Z,. D).
=1 @.12)

Given an information structure 7 resulting from communication between
the team members, the value of this communication can be measured by
comparing the maximum expected payoff for 7, £2(x), with that for 7!,
the No Communication information structure. The value of the informa-
tion communicated V() is then

Vip) = Q) — x°).

For 'V and 5™, the value of the information communicated is

Vg = 5: w; Te{(I — Z,T;) D7'N,Z:N/} + Tr{Z(R™* — D).
= 4.13)

V) = f w; Tr{(I — X;T;) F7'N,Z:N/} + Tr{Z (R — DY)}
i=1 (4.14)

5. THE OPTIMALITY OF PRICE AND DEMAND MESSAGES

In Section 3.3 we defined the One-Stage Lange-Lerner information
structure »* (3.13). It is easy to see that all “reasonable” rules for calcula-
ting the price message (i.e., all 1 — 1 functions of «(s)) are informationally
equivalent to the maximum amount of information available to be
communicated at the time that the message is sent. Thus, a price message
calculated by any such rule is an optimal message for the resource manager
to send to the enterprise managers.

The same situation is not true of all possible rules for calculating the
messages from the enterprise manager to the resource manager. The
“profit-maximizing” demand message K;*(s), or the informationally
equivalent message v,(s), is only one of a large set of messages that could
be sent to the resource manager and different messages may convey
different information regarding s. For example, let #; be any 1 — 1 func-
tion from R™+#: to R™ and consider message 4;[p(s)].2¢ Since 4; is a
1 — 1 function of u(s), the partition of S induced by 4; is finer than that

¢ The existence of such a function is assured by elementary measure theory.

642/4/3-6



436 GROVES AND RADNER

induced by v;*. Thus, h; is more informative than v, , or, since the “profit-
maximizing” demand rule K;* is informationally equivalent to v;, h; is
more informative than K;*.

Since there are rules for specifying demand messages that are more
informative than the “profit-maximizing” demand rule K;*, one might
ask what is so special about this particular rule. The answer to this
question is provided by Theorem 2 below which shows that although
other rules may be more informative than K;*, the value of the extra
information conveyed by more informative rules is zero. Thus, in a sense
made precise by the theorem, the “profit-maximizing” demand rule is
the optimal rule for calculating the message from the enterprise to the
resource manager.

First, let ¥ be the class of all rules by which messages to be com-
municated to the resource manager can be calculated by the enterprise
managers after they receive the “price” message i [or its equivalent, «(s)].
Precisely, let € be defined by

€ = {& = (& ,..., En) | &; 1s any function
from Y; to R% where ¢, is any integer, i=1,..,n}
Then, let a class A" of information structures be defined by
N =0 = 1 00 Yng1) | 9(8) = [pa(8), #()], i=1,..,n,
Nra(8) = [k(s), {lyIial, € = (6o oo, E) EFL

Every information structure 7 in .4 may be thought of as generated by
the following process: At the beginning of the decision period the enter-
prise managers observe the values of their production parameters p,(s)
and the resource manager observes the total supply of the resources «(s).
Next, the resource manager communicates a price vector i [or equivalently
«(s)], to the enterprise managers. Finally, the enterprise managers calculate
messages according to a rule £ in € and communicate them to the resource
manager. All communication among enterprise managers is prohibited.
Clearly, both the OSLL and UOSC information structures, %!! and #",
are members of A", For 91, £ is the “profit-maximizing” demand rule K, *,
or equivalently »;; and for », £ is the projection of the vector
[m(s), x(5)] onto its first m; + p, coordinates, i.e., & [ui(s), k()] = pLs).

THEOREM 2. The “profit-maximizing” demand rule K* = (K,*,..., K,*)
is an optimal rule in the class € in the sense that the maximum expected
payoff Q(n") under the OSLL information structure n" is at least as great
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as the maximum expected payoff £(m) under any information siructure
generated by messages calculated according to any other rule in €; i.e.,

L") = max Q)

Proof. Since the information functions %, , i = 1,..., n, are the same
for every member 5 of 4" and since the message rule £™ provides the
resource manager with a complete knowledge of s, the partitions of S
induced by (™)1, i = 1,...,n -+ 1, are finer than the partition induced
by (g% i=1,...,n+4 1, for any other 5 in A", It follows then that
Q") = max, 4 £(y). Thus the theorem is proved if it is shown that
Q) = (5™, or equivalently that the optimal team decision rule §M
under 5! is the same as 8!, But this follows trivially by inspection of the
optimal decision functions for 7™ —,!™ and A" (4.7)—since they are
contractions of the information given by 5. That is, by definition, ]!
and Aj" are those unique functions of 7,,(s) and 57(s), respectively, that
maximize Elw(d;s)] under the constraint that X T;K;[9,,.(s5)] = «(s).
But since «* and A (1) give the maximum expected payoff, (2) are
contractions of 7%, and 5!, respectively, and (3) satisfy the constraint,
they are optimal for %' as well as for 5™,

Thus Eq. (4.7) also defines the optimal decision functions for Y,
Eq. (4.8) the maximum expected payoff £2(»"), and Eq. (4.14) the value
of the price and “profit-maximizing” demand messages.

6. THE ASYMPTOTIC EFFICIENCY OF PRICE AND DEMAND MESSAGES

Although the price and “profit-maximizing” demand messages are the
optimal messages that can be communicated, the prohibition on com-
munication among the enterprise managers prevents the elimination of
all uncertainty and the attainment of the maximum payoff possible.
Complete communication, since it provides every team member with a
precise knowledge of the state s that has obtained, yields an upper bound
on the value of any information structure V(»'). However, it can be shown
that the One-Stage Lange-Lerner Communication is “almost” as good
as Complete Communication. Specifically, the loss in expected payoff
resulting from the prohibition on communication in the One-Stage
Lange-Lerner case is bounded by a value that is independent of the
number n of enterprises. But, the value of the information exchanged in
the Lange-Lerner communication process V(n') is proportional to the
number of enterprises. Thus, if the number of enterprises is sufficiently
large, the percentage loss in expected payoff is arbitrarily small.
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THEOREM 3. The ratio of the value of the information lost due to
restrictions imposed by the One-Stage Lange—Lerner Communication to the
value of the information gained approaches zero as the number of enterprises
increases; i.e.,

Vo) — V") _

ey 0
subject to the following regularity conditions governing the characteristics
of the enterprises added as n — oo:

D) O<w, <w,<wtforalli=1,2,...

Q) 0 <A (D) <AD;) < A¥(D) for all i =1,2,.., where (D)) is
any characteristic root of the matrix D, = R; — Q/S;*Q; .

(3) 0 <A(D) <XNE) <AX2) for all i =1,2,..., where XZ)) is
any characteristic root of the variance-covariance matrix X; of the vector
of random variables Ny (s} = v(s).

4@ 0 <A(R) <AR)foralli = 1,2,.., where A,(R,) is the maximum
characteristic root of the matrix R; .

(5) As the total number of enterprises n increases, the proportion of
the enterprises using resource k, k = 1,...,m, is at least as large as the
fraction 1/P, where P is some fixed positive integer.

Proof. A sketch of the proof will be provided.
Part 1. V(nY) — V(n) < K, where K, is a constant independent of n.
From (4.13), (4.14), and Theorem 2,
VY — Vil = 3w Te{[ — Z,T) Dt — (I — X,T) '] £,
i=1
Now
1

(I —ZT)D:' — (I — XT)Fi' = Di"
Z

T/RT,F;* — Z,T;D;",
but since Z,T;D;? is positive semidefinite,

Vi) — Ve < Y To{D;'T/RT.F'5}.
i=1

Using the definition of F; it can be shown that D;T/RT.D;' —
DT/ R-1T,F;! is positive semidefinite and thus

Tr{D7* T/ RTF*E) < Te(DT'T/RPT.DP L}
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Using properties of the trace and the norm of a positive definite matrix [6]
and the regularity conditions, it can be shown that

—~L1 r p-17 )13V, mA (2) R
Te(DPTYRATDNEY < s | R
Thus
A2
V) = Vo) < ppn | B

But || R-1}] << w*A(R) P/n, where P is defined in regularity condition (5).
Thus, taking

WEmA*(Z) M(R)P

bk=—mor

part I of the proof is completed.

Part 1. V(nY) is at least proportional to n.

We prove that V(3T) > (n — 1) K, where K is a constant independent
of n. Then, since V(') — V(n') < K;,

V(g™ = V(n') — K, > nKy, — (K + Ky).

Now

Vinh) = Z w; Tr{(I — Z,T}) D7*2} + Tr{Z(R-! — D)}

=1

Since R-! — D! is positive semidefinite, Tr{Z (R~ — DY)} = 0. Thus,
using regularity condition (1)

Vo) > we Y. TH{( — Z.T)) D53,

Now for n sufficiently large, (I — Z,T;) D;! is positive definite. Thus,
using properties of the trace and the norm of positive definite matrices,
and the regularity conditions, it follows that

S A& A
S 21 > Z 1 - 12,0,

Tr{(I — Z,T;) DL} > Z YD)
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Then, since ¥ iy | 4,1l > || 5.1 4, 1| for a sequence of matrices for which
the addition is defined,

AZ) M)
*(2)
and defining
_ . A(D)
o=y

the proof of Part IT and the theorem is complete.
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