Thelnflation Tax in a Real Business Cycle M odel

Thomas F. Cooley; Gary D. Hansen

The American Economic Review, Vol. 79, No. 4. (Sep., 1989), pp. 733-748.

Stable URL:
http:/links.jstor.org/sici ?sici=0002-8282%28198909%2979%3A 4%3C733%3ATI TIAR%3E2.0.CO%3B2-F

The American Economic Review is currently published by American Economic Association.

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journal s/aea.html .

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is an independent not-for-profit organization dedicated to and preserving a digital archive of scholarly journals. For
more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Tue Dec 19 15:48:42 2006


http://links.jstor.org/sici?sici=0002-8282%28198909%2979%3A4%3C733%3ATITIAR%3E2.0.CO%3B2-F
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/aea.html

The Inflation Tax in a Real Business Cycle Model

By Taomas F. COOLEY AND GARY D. HANSEN*

Money is incorporated into a real business cycle model using a cash-in-advance
constraint. The model economy is used to analyze whether the business cycle is
different in high inflation and low inflation economies and to analyze the impact
of variability in the growth rate of money. In addition, the welfare cost of the
inflation tax is measured and the steady-state properties of high and low inflation

economies are compared.

Current controversies in business cycle
theory have much in common with the
macroeconomic debates of the 1960s. Twenty
years ago Milton Friedman and Walter
Heller debated the issue of whether “money
matters.” In the ensuing years the methods
of business cycle research have changed dra-
matically but the questions have remained
much the same. In particular, the issue of
how much money matters is as timely now
as it was when Friedman and Heller dis-
cussed it. In this paper we take the question
of whether money matters to mean three
things: does money and the form of the
money supply rule affect the nature and am-
plitude of the business cycle? how does an-
ticipated inflation affect the long-run values
of macroeconomic variables? and, what are
the welfare costs associated with alternative
money supply rules? These are quite differ-
ent questions and each implies a distinct
sense in which money can affect the econ-
omy. Herein we describe a model economy
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that can be used to address these sorts of
questions. The setting is similar to on¢ sug-
gested by Robert Lucas (1987) where money
is held due to a cash-in-advance conscraint.
We use it to provide estimates of the welfare
cost of the inflation tax and to studyv the
effect of anticipated inflation or the charac-
teristics of aggregate time-series.

Early cquilibrium business cycle models
were influenced greatly by the nionetarist
tradition and the empirical findings of Mil-
ton Friedman and Anna Schwartz. They were
models where unanticipated changes in the
money supply played an important role in
generating fluctuations in aggregate real
variables and explaining the correlation be-
tween real and nominal variables (for exam-
ple, Lucas, 1972). More recently, busin=ss
cycle research has bcen focused on a class of
models in which fluctuations associated with
the business cycle are the equilibrium out-
come of competitive economies that are suo-
ject to exogenous technology shocks. In these
real business cycle models, as originally de-
veloped by Finn Kydland and Edward
Prescott (1982) and John Long and Charles
Plosser (1983), there is a complete set of
contingent claims markets and mcney dnes
not enter. Considering the importance at-
tributed to money in earlier neoclassical and
monetarist business cvcle theories, it is per-
haps surprising that these real mcdels have
been able to claim so much success in rep!i-
cating the characteristics of aggregate data
while abstracting from a role for money.
This does not imply that money 1s unimpcs-
tant for the evolution of real economic vari-
ables, but it is true that the exact role for
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money in these models is an open and some-
what controversial question.

Not surprisingly, given that the correla-
tion between money and output is a time-
honored statistical regularity, the absence of
money in real business cycle models has
been a source of discomfort for many
macroeconomists. One reaction to this, for
example, by Ben Bernanke (1986) and Mar-
tin Eichenbaum and Kenneth Singleton
(1986) among others, has been to reexamine
the evidence that money “causes” changes in
output. Another approach has been to con-
struct models where money plays an essen-
tially passive role but in which the money
output correlation can be explained by dis-
tinguishing different roles for money (for
example, inside and outside money) as in
King and Plosser (1984) and Jeremy Green-
wood and Gregory Huffman (1987). Yet an-
other reaction has been to argue that there is
some role for money over and above tech-
nology shocks. This argument is pursued in
Lucas (1987).

In this paper we study the quantitative
importance of money in a real business cy-
cle model where money is introduced in a
way that emphasizes the influence on real
variables of anticipated inflation operating
through the inflation tax. Money can have
important real effects in this setting: antici-
pated inflation will cause people to substi-
tute away from activities that require cash,
such as consumption, for activities that do
not require cash, such as leisure. Neverthe-
less, this structure does not provide any role
for unanticipated money or “sticky price”
mechanisms, which many believe to be the
most important channel of influence of
money on the real economy. We analyze the
consequence of the distortion due to antici-
pated inflation for real variables and esti-
mate the magnitude of the welfare losses
that result.

In the following sections we describe, cali-
brate, and simulate a simple one-sector
stochastic optimal growth model with a real
economy identical to that studied by Gary
Hansen (1985). The real time-series gener-
ated by the model fluctuate in response to
exogenous technology shocks. The model in-
corporates indivisible labor and an employ-
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ment lottery that permits some agents to be
unemployed. With the latter features, the
model implies a degree of intertemporal sub-
stitution that is consistent with observed
fluctuations without contradicting microeco-
nomic evidence from panel studies. In addi-
tion, the indivisible labor assumption is con-
sistent with the observation that most of the
fluctuation in aggregate hours worked is due
to fluctuations in employment rather than
fluctuations in the average hours worked of
an employed worker.

Money is introduced into the model using
a cash-in-advance constraint. Economies
with this feature have been studied exten-
sively by Alan Stockman (1981), Lucas
(1982), Lucas and Nancy Stokey (1983,1987)
and Lars Svensson (1985). The cash-in-
advance constraint applies only to the con-
sumption good. Leisure and investment in
our model are credit goods. Thus, if agents
in this economy wish to reduce cash holdings
in response to higher inflation, they can only
do so by reducing consumption.

In the next section of the paper we lay out
the details of our model and describe the
competitive equilibrium. Solving for an equi-
librium in this economy is more difficult
than in other real business cycle economies
because the inefficiency imposed by the
cash-in-advance constraint rules out the use
of invisible hand arguments based on the
second welfare theorem. In Section III we
describe how we solve for an equilibrium
directly using a method described in
Kydland (1987).

In Section IV of the paper we present the
results of some simulations of the model
under various assumptions about the behav-
ior of the monetary growth rate. Our pur-
pose here is to use our model as an experi-
mental device to study the effect of certain
parameter interventions.! We take a model
whose statistical properties have been stud-
ied previously and examine how injections of
money, operating through a cash-in-advance
constraint, alter the conclusions derived from

'See Thomas Cooley and Stephen LeRoy (1985) for a
discussion of parameter and variable interventions.
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this purely real economy. In this model, when
money is supplied optimally, the real econ-
omy and its associated steady-state paths
and cyclical characteristics are identical to
those in Hansen (1985). This follows from
the fact that when money is supplied opti-
mally, the cash-in-advance constraint is not
binding. By varying the rate of growth of the
money supply we can study how the real
allocation and the comovements among vari-
ables are altered. In addition we are able to
measure the welfare costs of the inflation
tax.

The results of the experiments just de-
scribed are easily summarized. When money
is supplied according to a constant growth
rate rule that implies positive nominal inter-
est rates, individuals substitute leisure for
goods, output and investment fall, and the
steady-state capital stock is lower. The fea-
tures of the business cycle are unchanged by
these constant growth rates. We also report
the results of experiments in which money is
supplied not at a constant rate but errati-
cally with characteristics that mimic histori-
cal experience. In these simulations, the
cyclical behavior of real variables are altered
slightly: consumption becomes more vari-
able relative to income and the price level
becomes quite volatile. In addition, the cor-
relations between these variables and output
become smaller in absolute value. It is en-
couraging that with these changes the cycli-
cal properties of the model more closely
match U.S. postwar experience.

Using definitions described in Section IV
we estimate the welfare cost due to the in-
flation tax of a sustained moderate (10 per-
cent) inflation to be about 0.4 percent of
GNP using M1 as the relevant definition of
money and a quarter as the period over
which it must be held. This is very close to
estimates that have been suggested by oth-
ers. We find the welfare costs to be much
lower, about 0.1, when the relevant defini-
tion of money is the monetary base and the
period over which it is constrained to be
held is a month.

Perhaps the most striking implication of
our model for the steady-state behavior of
economic aggregates is that employment
rates should be lower in the long run in high
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inflation economies. This possibility, stated
somewhat differently as the proposition that
in the long run the Phillips curve slopes
upward, has been suggested by others, most
notably by Friedman (1977). We present evi-
dence that, for a cross section of developed
economies during the period 1976-1985, av-
erage inflation rates and average employ-
ment rates are negatively correlated.

The conclusions drawn from our simula-
tions reflect only the costs and consequences
of money that are due to the inflation tax:
there are no informational problems created
by the money supply process. We conclude
that if money does have a major effect on
the cyclical properties of the real economy it
must be through channels that we have not
explored here.

I. A Cash-in-Advance Model with Production

The economy studied is a version of the
indivisible labor model of Hansen (1985)
with money introduced via a cash-in-
advance constraint applied to consumption.
That is, consumption is a “cash good” while
leisure and investment are “credit goods,” in
the terminology of Lucas and Stokey (1983,
1987). In this section we describe the econ-
omy and define a competitive equilibrium.
In the next section we describe how an equi-
librium can be computed using a linear-
quadratic approximation of the economy.

We assume a continuum of identical
households with preferences given by the
utility function,

(1) E, Y. B'(logc,+ Alog?,),
=0

0<B<1,

where ¢, is consumption and ¢, is leisure in
time f. Households are assumed to be en-
dowed with one unit of time each period and
supply labor to a firm which produces the
goods. Households are also engaged in accu-
mulating capital which they rent to the firm.

We assume that households enter period ¢
with nominal money balances equal to m,_,
that are carried over from the previous pe-
riod. In addition, these balances are aug-
mented with a lump-sum transfer equal to
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(g,—1)M,_,, where M, is the per capita
money supply in period ¢. The money stock
follows a law of motion

(2) M1=gt Mr—l'

In this paper, we study two economies. In
the first, the gross growth rate of money, g,,
is assumed to be constant. In the other econ-
omy, the log of the gross growth rate of the
money supply evolves according to an au-
toregression of the form:

(3)  log(g,,) =alog(g,)+4,, 1.

In equation (3), £, is an iid random variable
with mean log(g)(1—a) and variance of,
where log g is the unconditional mean of the
logarithm of the growth rate g, It is as-
sumed that g, is revealed to all agents at the
beginning of period ¢.

Households are required to use these pre-
viously acquired money balances to purchase
the nonstorable consumption good. That is,
a household’s consumption choice must sat-
isfy the constraint,

(4) p,c,Sm,_1+(g,—1)M,_1‘

where p, is the price level at time . In this
paper, attention is focused on examples
where this constraint always holds with
equality. A sufficient condition for this con-
straint to be binding is that the gross growth
rate of money, g,, always exceeds the dis-
count factor, B. Our examples will satisfy
this condition.? In our view this assumption
is not unreasonable given the observed be-
havior of the actual money supply.?

As in Hansen (1985), labor is assumed to
be indivisible. This means that households
can work some given positive number of
hours, h, <1, or not at all. They are not
allowed to work an intermediate number of

*It can be shown from the first-order conditions of
the household’s problem that the cash-in-advance con-
straint will be binding (the Lagrange multiplier associ-
ated with constraint (3) will be positive) if and only if
E,(1/g,,,) <1/B. This condition follows from the use
of logutility and the timing assumptions.

*In addition, to relax this assumption would consid-
erably complicate our solution procedure, forcing us to
consider the possibility of both corner and interior
solutions.
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hours.* Under usual market interpretations,
this assumption implies that the consump-
tion set of households is nonconvex. How-
ever, following Richard Rogerson (1988), we
convexify the economy by assuming that
agents trade employment lotteries. That is,
households sell contracts which specify a
probability of working in a given period, m,,
rather than selling their labor directly. Since
all agents are identical, they will all choose
the same =,. Thus, a fraction =, of the house-
holds will work h, hours and the remaining
(1— o) households will be unemployed dur-
ing period ¢. A lottery determines which of
the households work and which do not. Thus,
per capita hours worked in period ¢ is given
by

(5) h,=m, h,.

The market structure described above im-
plies that the period utility function of the
representative household as a function of
consumption and hours worked is given by>

U(c,, h,) =logc,+mAlog(1— h,)
+(1—m,)Alog(1)

=logc,+ h,A(log(1—hy)/hy).

*The indivisible labor assumption implies that all
changes in total hours worked are due to changes in the
number of workers. Although over half of the variance
in total hours in the United States is unambiguously
due to fluctuations in employment, there is still a signif-
icant percentage that is due to fluctuation in average
hours. A model that allows for adjustment along both
of these margins is studied in J. O. Cho and Cooley
(1988).

This derivation makes use of the fact that consump-
tion is the same whether or not the household is em-
ployed. This result, which holds in equilibrium, follows
from the separability of (1) in consumption and leisure
and is shown formally in Hansen (1985). It is possible
to have unemployed agents consume less than employed
without significantly affecting the results obtained from
the model by assuming a nonseparable utility function
(see Hansen, 1986). A more robust feature of this model
is that utility is higher for unemployed individuals than
for employed. Rogerson and Randall Wright (1988)
show that this implication can be reversed if leisure is
assumed to be an inferior good. It is unclear how one
would reverse this implication without significantly af-
fecting the other results obtained from the model.



VOL.79 NO. 4

We rewrite this as,
(6) U(c,,h,) =logc,— Bh,,
where

B=— A(log(1~- hy)/h,).

In the remainder of this section, we will
discuss the problem faced by a representa-
tive agent with preferences given by (6) as a
stand-in for the individual household with
preferences given by (1) who is subject to the
labor indivisibility restriction.

This representative household must choose
consumption, investment (x,), and nominal
money holdings subject to the following
budget constraint:®

(7) Cl+xl+m1/plswtht+rtkl

+(m,_1+(g,~1)M,_1)/p,.

In this equation, w, and r, are the wage rate
and rental rate of capital, respectively. In-
vestment is undertaken to augment the capi-
tal stock (k,) owned by the household. The
capital stock obeys the following law of mo-
tion:

(8) k1= (1—8)k1+x1’ 0<é<1.

The firm in our economy produces output
(Y,) using the constant returns to scale tech-
nology:

(9) Y,=exp(z,)K/H! ™%, 0<6<1.

Capital letters are used to distinguish per
capita variables that a competitive house-
hold takes as parametric from individual-
specific variables that are chosen by the

®This budget constraint incorporates the fact that
consumption and investment sell at the same price even
though one is a cash good and the other a credit good.
This is because, from the point of view of the seller,
sales of both credit goods and cash goods result in cash
that will be available for spending at the same time in
the following period. Although cash good sales in a
given period result in cash receipts in the same period,
this cash can not be spent until the next period.
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household.” The variable z, is an exogenous
shock to technology that follows a law of
motion given by

(10)

where ¢, is an iid random variable with
mean 0 and variance o2. We assume that z,,
like g,, is revealed to all agents at the begin-
ning of period ¢.

The firm seeks to maximize profit, which
is equal to Y,— wH,—r,K,. The first-order
conditions for the firm’s problem yield the
following functions for the wage rate and
rental rate of capital:

(11)

Z,1=vz,teg,,, 0=yl

w(zl’ KI’ H’)
~ (1- 6)exp(z,) KUH,
r(z,. K,, H,)
= fexp(z,) Kl H! .

(12)

A change in variables is introduced so that
the problem solved by the households will be
stationary. That is, let m,=m,/M, and p,
= p,/M,. In addition, let V(z, g, m, K, k)

V(z,,8,m,_1,K, k,) be the equilibrium
maximized present value of the utility stream
of the representative household who enters
the period with a fraction of per capita
money balances equal to 7 and a capital
stock equal to & when the aggregate state is
described by z, g, and K. Implicit in the
functional form of V are the equilibrium
aggregate decision rules (H and X) and the
pricing function ( p) as functions of the ag-
gregate state, which is taken as given by the
households. The function V' must satisfy
Bellman’s equation (primes denote next pe-
riod values)?

(13) Vv(z,g,m, K, k)
= max{U(c, h)+BE[V(z, g,
', K k')|z, g, m, K, k]}

"In equilibrium these will be the same.

#Note that the solution to the firm’s profit maximiza-
tion problem has been substituted into this problem
through the functions w( ) and r( ).



738 THE AMERICAN ECONOMIC REVIEW

subject to
(14) c+x+m'/p
=w(z.K.H)h+r(z. K, H)k
+(m+g-1)/(pg)
(15) c=(m+g-1)/(pg)

(16) z’=vyz+e g'=g (economy1)or

(17) log(g’) =alog(g)+¢ (economy 2)
(18) K'=(1-8)K+X
(19) k'=(1-8)k +x

and ¢, x, m’ nonnegative and 0 < h <1. In
addition, X, H, and p are given functions of
(z, g. K).

A stationary competitive equilibrium for
this economy consists of a set of decision
rules, ¢(s), x(s), #'(s), and h(s) (where s
= (z,8m, K, k)), a set of aggregate deci-
sion rules, X(S) and H(S) (where S = (z,
g, K)), a pricing function p(S), and a value
function V(s) such that:

(i) the functions V, X, H, and p satisfy
(13) and ¢, x, @', and h are the associated
set of decision rules;

(i) x = X, h=H, and A" = 1 when
k=K and m=1; and

(iii) the functions c(s) and x(s) satisfy
c(s) + x(s) = Y(S) for all s.

II. Solution Method

In Hansen (1985) it was possible to com-
pute an equilibrium indirectly by solving for
the (unique) equal weight Pareto optimal
allocation and invoking the second welfare
theorem. In order to obtain an analytic solu-
tion to the problem, a linear-quadratic ap-
proximation to this nonlinear problem was
formed, making it possible to compute linear
decision rules. Unfortunately, it is not possi-
ble to invoke the second welfare theorem to
compute an equilibrium for the economy
studied in this paper. This is because money
introduces a “wedge of inefficiency” (in the
words of Lucas, 1987) that forces one to
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solve for an equilibrium directly. To get
around this, we apply the method described
in Kydland (1987) to compute an equilib-
rium for our cash-in-advance economy.’

Kydland’s method involves computing a
linear-quadratic approximation to the house-
hold’s problem (13). This dynamic program-
ming problem is then solved by iterating on
Bellman’s equation, requiring that the sec-
ond equilibrium condition (refer to the above
definition of equilibrium) hold at each step
of this recursive procedure. In the remainder
of this section, we outline in more detail how
this procedure is implemented in our partic-
ular case.

The first step is to substitute the nonlinear
constraints, (14) and (15), into the house-
hold’s utility function (6). This is done by
first eliminating ¢ by substituting (15) into
(14) and (6). The resulting budget constraint
1s
(20) x+m'/p

=w(z,K,H)h+r(z,K, H)k.

Because of the constant returns to scale tech-
nology, requiring that the functions w and r
be of the form (11) and (12) guarantees that
equilibrium condition (iii) is satisfied.

The constraint (20) can be substituted into
the utility function (6) by eliminating A.
However, we must first eliminate H. This is
done by aggregating (20) and solving for H.
Using (11) and (12), this implies

oy we [X+(1/13)}Ti“a.

exp(z)K®

Equation (21) can be substituted into (20),
and the result substituted into (6). The re-

°This method is similar to the method of Kydland
and Prescott (1977), which is described in some detail in
Thomas Sargent (1981) and Charles Whiteman (1983).
In addition to Kydland’s method, a number of other
approaches to solving dynamic equilibrium models with
distortions have been recently proposed in the litera-
ture. Examples include papers by David Bizer and
Kenneth Judd (1988), Marianne Baxter (1988), and
Wilbur Coleman (1988).
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turn function for the household’s dynamic
programming problem is now given by the
following expression:

(D)m4i%§%

[
A 1)\ k 1)*,4
x+——-80 x+ == X+ =
P P K p
- B S

(1—0)(exp(z)l(")l~j

In order to obtain an analytic solution to
this problem, the above nonlinear return
function (22) is approximated by a quadratic
function in the neighborhood of the steady
state of the certainty problem. This approxi-
mation technique is described in detail in
Kydland and Prescott (1982). The state vec-
tor of the resulting linear-quadratic dynamic
programming problem is s= (1, z, g, 7,
K, k)" and the individuals’ decision (or con-
trol) vector is u = (#’, x)7. In addition, the
economywide variables U = ( p, X )T also en-
ter the quadratic return function. Thus, after
computing the quadratic approximation of
(22), Bellman’s equation for the household’s
problem (13) become'?

(23) s"Vs=max{[sT UT u"]Q

s
x| U |+ Bs'TVs’
u

subject to (16)—(19) and a linear function
that describes the relationship between U
and S=(1,z,8 K)” perceived by the agents
in the model.

To solve for an equilibrium, we iterate on
this quadratic version of Bellman’s equation.
This procedure must involve choosing a can-
didate for the perceived linear function relat-

' This form for Bellman’s equation incorporates both
certainty equivalence and the fact that the value func-
tion will be quadratic.
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ing U to S. We start with a guess for the
matrix V, call it ¥, and consider the maxi-
mization problem on the right side of (23).
Once the laws of motion, (16) through (19),
have been substituted into the objective, we
obtain from the first-order condition for u
the linear decision rule

(24) u=D;s+ DU.

By imposing the equilibrium conditions,
x=X, m'=m=1, and k= K; we can ob-
tain, from (24), a linear expression for U in
terms of S that we take as our candidate.
That is, we obtain

(25) U=D,S.

To compute the value function for the
next iteration, we evaluate the objective
function on the right side of (23) using our
initial guess ¥}, the function relating U to S
(25) and the household’s decision rule (24).!!
This provides a quadratic form, s”¥;s, that
is used as the value function for the next
iteration. This procedure is repeated until
V; 11 1s sufficiently close to V; to claim that
the iterations have converged.

Once this process has converged, we ob-
tain the following equilibrium expressions
for X and p (p is equal to the inverse of
consumption in an equilibrium where the
cash-in-advance constraint is always bind-

ing):
(26) X=d\y+dz+dlogg+d;K,
(27) p=dy+dyz+dylogg+diK.

Examples of these decision rules for par-
ticular parameterizations of the money sup-

"'For the parameterizations studied in this paper it is
not always possible to invert the first-order conditions
to obtain an expression like (24). However, it is always
possible to obtain equation (25). Therefore, when evalu-
ating (23), we used (25) and, in place of (24) the
equilibrium expressions for the components of u (#1’ =1
and x= X). The first-order conditions are satisfied
given the way in which (25) is constructed and the fact
that the coefficients on k and # always turn out to
equal zero in these first-order conditions.
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ply rule are given in the Appendix. These
equations, which determine investment and
consumption, along with the laws of motion
(16) through (18), the expression for hours
worked (21), and the technology (9), are
used to simulate artificial time-series for var-
ious parameterizations of the g, process.
These experiments are discussed in the next
section.

II1. Results

We use the artificial economy just de-
scribed to study the interaction between
money and the real sector of the economy.
We first describe the cyclical behavior of our
economy under various money supply rules.
We then use the model to measure the wel-
fare costs of anticipated inflation. Finally,
we look for confirmation of the implied
steady-state behavior of high and low infla-
tion economies in cross-section data on sev-
eral developed countries.

A. Cyclical Properties

Statistics summarizing the cyclical behav-
ior of our model economy under various
money supply rules, as weil as statistics sum-
marizing the cyclical behavior of actual U.S.
time-series, are presented in Table 1. We will
begin by describing how these statistics are
computed and then proceed to interpret our
results.

The first panel of Table 1 shows the (per-
cent) standard deviations of the set of en-
dogenous variables and their correlations
with output that characterize recent U.S.
quarterly data. These provide some basis for
comparison with the results of our experi-
ments although we wish to stress that ours is
not a data matching exercise but an experi-
mentai simulation of a model economy. We
use quarterly data from 1955,3 to 1984,1 on
real GNP, consumption, investment, capital
stock, hours worked, productivity, and two
measures of the price level, the CPI and
GNP deflator.!? Before computing statistics,

> The series for real GNP, investment, hours worked,
and the price level were taken from the Citibase
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the data (both actual and simulated) are
logged and detrended using the Hodrick-
Prescott filter. The use of this detrending
procedure enables us to maintain compara-
bility with prior real business cycle studies
by Kydland and Prescott (1982) and Hansen
(1985).

In order to derive results from the artifi-
cial economies, we follow Kydland and
Prescott (1982) by choosing parameter val-
ues based on growth observations and the
results of studies using microeconomic data.
In order to make comparisions with Hansen
(1985) meaningful, we set the parameters
describing preferences and technology to the
same values used in that study. Those values,
which were chosen under the assumption
that the length of a period is one quarter, are
B =099, §=0.36, §=0.025, B=2.86, and
vy =0.95. The standard deviation of &, o, is
set equal to 0.00721 so that the standard
deviation of the simulated output series is
close to the standard deviation of the actual
output series. We experiment with different
values for the parameters describing the
money supply process.

Given a set of parameter values, simulated
time-series with 115 observations (the num-
ber of observations in the data sample) are
computed using the method described in the
previous section. These series are then logged
and filtered and summary statistics calcu-
lated. We simulate the economy 50 times
and the averages of the statistics over these
simulations are reported. In addition, we
report the sample standard deviations of
these statistics, which are given in paren-
theses.

The columns of the second panel of Table
1 show the percent standard deviations and
correlations that result from all of the simu-

database. The hours series is based on information from
the Current Population Survey. Productivity is output
divided by hours worked. The data on the capital stock
include government capital stock and private capital
stock (housing) as well as producers’ durables and struc-
tures. The consumption series includes nondurables and
services plus an imputed flow of services from the stock
of durables. The consumption and capital stock series
were provided by Larry Christiano.
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TABLE 1 -—STANDARD DEVIATIONS IN PERCENT AND CORRELATIONS WITH QUTPUT FOR
U.S. AND ARTIFICIAL ECONOMICS

Quarterly U.S. Time Series®
(1955.3-1984.1)

Economy with Constant
Growth Rate (g = 0.99-1.15)°

Standard Correlation Standard Correlation
Series Deviation with Output Deviation with Output
Output 1.74 1.00 1.76 (0.22) 1.00 (0.00)
Consumption 0.81 0.65 0.51 (0.07) 0.87 (0.02)
Investment 8.45 0.91 5.71 (0.74) 0.99 (0.00)
Capital Stock 0.38 0.28 0.48 (0.09) 0.07 (0.07)
Hours 1.41 0.86 1.34 (0.18) 0.98 (0.00)
Productivity 0.89 0.59 0.51 (0.07) 0.87 (0.03)

- CPI 1.59 -0.48 _

Price Level { GNP Deflator 0.98 —053 0.51 (0.07) 0.87 (0.02)

Economy with Autoregressive

i Economy with Autoregressive
Growth Rate (g =1.015)

Growth Rate (g =1.15)P

Standard Correlation Standard Correlation
Series Deviation with Output Deviation with Output
Output 1.73 (0.22) 1.00 (0.00) 1.74 (0.22) 1.00 (0.00)
Consumption 0.62 (0.07) 0.72 (0.07) 0.65 (0.07) 0.70 (0.05)
Investment 5.69 (0.76) 0.97 (0.01) 5.69 (0.77) 0.97 (0.01)
Capital Stock 0.48 (0.10) 0.06 (0.07) 0.48 (0.10) 0.06 (0.06)
Hours 1.33(0.17) 0.98 (0.01) 1.33 (0.17) 0.98 (0.01)
Productivity 0.50 (0.07) 0.87 (0.03) 0.50 (0.07) 0.87 (0.03)
Price Level 1.70 (0.34) ~0.27 (0.16) 1.93 (0.27) —0.25(0.16)

*The U.S. time-series reported on are real GNP, consumption of nondurables and services, plus the flow of
services from durables, gross private domestic investment (all in 1982 dollars). The capital stock series includes
nonresidential equipment and structures, residential structures, and government capital. The hours series is total
hours for persons at work in nonagricultural industries as derived from the Current Population Survey. Productivity is
output divided by hours. All series are seasonally adjusted, logged, and detrended. The output, investment, hours, and
price-level series were taken from the Citibase database. The consumption and capital stock series were provided by
Larry Christiano.

The percent standard deviations and correlations with output are sample means of statistics computed for each of
50 simulations. Each simulation is 115 periods long, which is the same number of periods as the U.S. sample. The
sample standard deviations of these statistics are in parentheses. Each simulated time-series was logged and detrended
using the same procedure applied to the U.S. sample before the statistics were calculated.

lations of our model economy where the
money supply grows at a constant rate. These
results confirm that when money is supplied
at a constant growth rate, even one that
implies a high average inflation rate, the
features of the business cycle are unaffected.
In particular, the statistics summarizing the
behavior of the real variables are the same as
would be obtained in the same model with-
out money—the “indivisible labor” model
of Hansen (1985).

The remaining two panels of Table 1 show
the results of simulations with an erratic
money supply. That is, we assume a money
supply rule of the form (3). We calibrate this

money supply process (that is, choose values
for @ and o;) so that the money supply
varies in a way that is broadly consistent
with postwar experience. We proceed by as-
suming that the Fed draws money growth
rates from an urn with the draws being seri-
ally correlated, as in equation (3). We deter-
mined the characteristics of that urn from
data on M1 and the regression (standard
errors in parentheses)

Alog(M1), = 0.00798+ 0.481A log(M1), ,
(0.0014) (0.082)

¢ =0.0086
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where M1 is the average quarterly value. We
intentionally averaged to smooth the data
somewhat and increase the implied persis-
tence.'® The results of this regression lead us
to set a equal to 0.48 and o, equal to 0.009.
To ensure that the gross rate of money
growth always exceeds the discount factor,
as is required for the cash-in-advance con-
straint to be always binding, we draw ¢,
from a lognormal distribution. This implies
that log( g,) will never become negative.

The statistics reported in Table 1 show
that volatility of the money supply has a
small but significant impact on the cyclical
characteristics of the economy. Virtually all
the effect of volatility in the money supply is
in the standard deviations of consumption
and prices and their correlation with output.
In particular, consumption and prices be-
come more volatile and their correlation with
output becomes smaller in absolute value. It
is worth noting that the numbers in these
panels are more in keeping with historical
experience (see first panel) than are the re-
sults from constant growth rate economies.
In addition, comparing the third and fourth
panels we find that, although the price level
does become more volatile, increases in the
average growth rate of money has little effect
on the cyclical properties of the real vari-
ables.

B. Welfare Costs of the Inflation Tax

In this section estimates of the welfare
costs of the inflation tax are presented that
are derived by comparing steady states of
our growth model assuming different growth
rates of the money supply.'* Measuring the

" This equation is open to criticism as a description
of the historical sample. Although we cannot reject its
adequacy, there may be a leftover moving average piece
in the residuals. This in turn could imply that some
portion of the innovation in the money growth rate is
permanent. See, for example, G. William Schwert (1987).
We chose to ignore this because the estimated autore-
gression seems to capture the features that are appropri-
ate for our experiment.

A somewhat similar approach to that taken here
appears in a recent paper by Jean Pierre Danthine, John
Donaldson, and Lance Smith (1987). Their model dif-
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welfare costs of anticipated inflation i1s an
old issue in macroeconomics. Martin Bailey
(1956) provided a classic answer to this ques-
tion by considering the area under the de-
mand curve for money, the welfare triangle,
evaluated at an interest rate embodying the
steady-state rate of inflation as a measure of
the net loss to individuals from the infla-
tion tax. Stanley Fischer (1981) and Robert
Lucas (1981) updated Bailey’s estimates and
they supply a thoughtful discussion of some
of the awkward assumptions underlying the
welfare triangle approach (for example, that
government expenditures are financed by
non-distorting taxes). They also discuss some
of the subsidiary costs of inflation that are
ignored by those calculations.

We chose to measure the welfare costs by
comparing steady states because, as ex-
plained above, the cyclical characteristics of
this economy are unaffected by the average
growth rate of the money stock. Thus, our
discussion of welfare is based on the steady-
state properties of a version of our economy
where the money supply grows at a constant
rate and the technology shock in equation
(9) is replaced by its unconditional mean.

The welfare costs for various annual infla-
tion rates, along with the associated steady-
state values for output, consumption, invest-
ment, the capital stock, and hours worked,
are presented in Table 2. We show results
based on two different assumptions on the
length of time that the cash-in-advance con-
straint is binding. The numbers displayed in
the top panel reflect the assumption that the
relevant period over which individuals are
constrained to hold money is a quarter. This
is consistent with the calibration of the model
in the previous section. In addition, if we
assume a unitary velocity as is implied by
our model and if we assume that the “cash
good” corresponds to consumption of non-
durables and services then this would be

fers from ours in that money appears directly in the
utility function and they do not include labor in their
model. In addition, they assume that capital depreciates
fully each period. They also demonstrate a decline in
welfare with inflation, but do so using simulations of
their economy rather than comparing steady states.
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TABLE 2—STEADY STATES AND WELFARE COSTS ASSOCIATED WITH VARIOUS ANNUAL
GROWTH RATES OF MONEY

Annual Inflation Rate

-4 0.0 10 100 400
Quarterly Constraint Percent  Percent  Percent  Percent  Percent
g= B 1.0 1.024 1.19 1.41
Steady State: Output 1.115 1.104 1.077 0.927 0.783
Consumption 0.829 0.821 0.801 0.690 0.582
Investment 0.286 0.283 0.276 0.238 0.201
Capital Stock 11.432 11.318 11.053 9.511 8.027
Hours 0.301 0.298 0.291 0.250 0.211
Welfare Costs:  AC/C %100 0.0 0.144 0.520 4014 10.215
AC/Y %100 0.0 0.107 0.387 2.984 7.596
Monthly Constraint
g= B 1.0 1.008 1.06 112
Steady State: Output 0.387 0.386 0.383 0.364 0.345
Consumption 0.286 0.285 0.283 0.269 0.255
Investment 0.101 0.101 0.100 0.095 0.090
Capital Stock 12.663 12.624 12.524 11.910 11.272
Hours 0.303 0.302 0.300 0.285 0.270
Welfare Costs:  AC/C x100 0.0 0.040 0.152 0.981 2.137
AC/Y %100 0.0 0.030 0.112 0.724 1.578

consistent with defining money as M1, based
on evidence from the 1980s.'3

The results given in the bottom panel of
Table 2 are based on the assumption that the
relevant period over which individuals are
constrained to hold money is a month. It
turns out that monthly consumption of non-
durables and services corresponds roughly to
the monetary base during the 1980s. The
steady states in this second panel were com-
puted using different parameter values for
the discount factor and depreciation rate of
capital in order to maintain comparability to
the quarterly results. The values assigned
were 8 =0.997 and § = 0.008, which are the
monthly rates that correspond to the quar-
terly rates assumed above. We also scale the
production function to reflect monthly out-
put levels by multiplying the right-hand side

"> This conclusion is based on the fact that the ratio
of the stock of M1 to quarterly consumption of non-
durables and services has been close to one since the
late 1970s. Unfortunately, this result does not hold over
a long period of time—the ratio has been as high as 3
early in the postwar period. The same caveat applies to
the observation concerning the monetary base made
below.

of equation (9) by 1/3. The values for the
gross growth rate of the money supply (g)
that correspond to the desired annual infla-
tion rates are also different for the monthly
model. We indicate these values in the table.

The welfare measure we use is based on
the increase in consumption that an individ-
ual would require to be as well off as under
the Pareto optimal allocation. The Pareto
optimal allocation for our economy is equiv-
alent to the equilibrium allocation for the
same economy without the cash-in-advance
constraint, or, equivalently, for a version of
the model where the money supply grows at
a rate such that the cash-in-advance con-
straint is never binding. It turns out that for
the model studied in this paper, the cash-in-
advance constraint is not binding if the gross
growth rate of money is equal to the dis-
count factor, B.!® To obtain a measure of

' We restrict the growth rate, g, to be greater than or
equal to B. This ensures that nominal interest rates will
not be negative (see Lucas and Stokey, 1987). When we
set g =p, the initial price level is no longer uniquely
determined. However, the real allocation and rate of
inflation are uniquely determined and the allocation is
Pareto optimal.
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the welfare loss associated with growth rates
that are larger than B, we solve for AC in the
equation

(28) U= [In(C*+AC)—-2.86H*],

where U is the level of utility attained (in the
steady state) under the Pareto optimal allo-
cation (g=pB), and C* and H* are the
steady-state consumption and hours associ-
ated with the growth rate in question (some
g> B).

The results of the welfare calculations ex-
pressed as a percent of steady-state real out-
put (AC/Y) and steady-state real consump-
tion (AC/C) are shown in the bottom rows
of both panels of Table 2. The welfare cost
of a moderate (10 percent) inflation is 0.387
percent of GNP when the period over which
individuals are constrained is a quarter. This
magnitude may be compared to the es-
timates of 0.3 percent provided by Stanley
Fischer or 0.45 percent obtained by Robert
Lucas based on an approximation of the
area under a money demand function.!’ It is
interesting that their exercise, which holds
output constant but allows velocity to vary,
yields the same answer as our exercise which
holds velocity constant but allows output to
vary. While an estimate of roughly 0.4 per-
cent of GNP sounds small, at current levels
of GNP it would amount to $15.2 billion of
real GNP. The welfare costs of very high
inflation rates, which are not uncommon
throughout the world, seem extremely high.

If the relevant period over which individu-
als are constrained is a month then the wel-
fare costs are considerably reduced being
only 0.11 percent at a 10 percent annual
inflation rate and slightly more than 1.5 per-
cent at a 400 percent annual inflation rate.
Evidently the period over which individuals
are constrained, and by implication the def-
inition of the money balances on which indi-

Fischer and Lucas use different definitions of
money (high-powered money and M1, respectively) and
different estimates of the interest elasticity.
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viduals are taxed, make a big difference in
the welfare costs of inflation.

Since there is a big difference in the esti-
mates it is worth considering what some of
the biases might be. Our larger estimates
come from assuming that individuals are
constrained for one quarter, which is roughly
consistent with assuming that the appropri-
ate monetary aggregate is M1. However, a
large part of M1 consists of checkable de-
posits. To the extent that these earn compet-
itive interest they will be shielded from the
inflation tax. At the other extreme, the mon-
etary base consists of currency and reserves.
Since these are clearly subject to the infla-
tion tax, the monthly data provides a lower
bound on the magnitude of the welfare loss.
It seems reasonable that in economies with
sustained high inflations many individuals
will be able to shield themselves against the
inflation tax. If the institutions did not exist
to facilitate this, one would expect them to
evolve in very high inflation economies. For
this reason, our model may not be very
reliable for analyzing hyperinflation. On the
other hand these estimates abstract from
many of the subsidiary costs of inflation that
are believed to be important. Among these
are distortions caused by nonneutralities in
the tax system and adjustment costs or con-
fusion caused by the variability of inflation.

C. Steady-State Implications of Inflation

As shown in Table 2, anticipated inflation
has a significant influence on the steady-state
path of the economy. Steady-state consump-
tion, output, hours, investment, and the cap-
ital stock are all lower whenever the growth
rate of the money supply exceeds the opti-
mal level (g = B8). The consumption of leisure
increased because agents substitute this
“credit good” for the consumption good in
the face of a positive inflation tax on the
latter. Lower hours worked leads to lower
output and therefore lower consumption, in-
vestment, and capital stock. The share of
output allocated to investment does not
change with higher inflation. This result is
obtained despite the fact that consumption
is a cash good and investment is a credit
good since, in the steady state, investment
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FIGURE 1. AVERAGE EMPLOYMENT AND INFLATION
RATES, 1976-1985

will provide consumption in the future that
will be subject to exactly the same inflation
tax as consumption today.

A striking implication of higher inflation
rates in our model economy is that they are
accompanied by lower employment rates.!®
The “menu of choices” available to the mon-
etary authority involves giving up low infla-
tion only to obtain higher unemployment.
This result, that the operational Phillips curve
is upward sloping, is also obtained by
Greenwood and Huffman (1987) for their
model economy. Friedman (1977) in his No-
bel lecture presented some evidence for this
phenomenon by plotting data from several
countries. Here we present some statistical
evidence that supports the negative correla-
tion between employment rates and inflation
rates using a cross section of countries.

Figure 1 shows the relation between the
average rate of employment and the average
rate of inflation from 1976 to 1985 for 23
countries.'® The solid line depicts the regres-

"“The variable HOURS in Tablc 2, which corre-
sponds to per capita hours worked. is actually the
employment rate multiplied by a constant (4,), given
the assumption of indivisible labor.

The countries are Austria, Belgium, Denmark, Fin-
land. France, W. Germany, Greece, Ireland, Italy,
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sion of employment rates ca inflation rates.
There is a statistically significant negative
correlation between inflation rates and em-
ployment rates. The coefficient of the infla-
tion rate in a regression of the employment
rate on the inflation rate and a constant is
—0.5 with a standard error of 0.17. The
most extreme observation in the graph per-
tains to Chile. When that is eliminated the
conclusions are essentially unchanged; the
coefficient of inflation i1s —0.44 with a stan-
dard error 0.22. These results suggest that
the phenomenon displayed in our model
economy may not be counterfactual.

1V. Conclusions

In this paper we incorporate an interesting
paradigm for money holding, the cash-in-
advance model, in a stochastic optimal
growth model with an endogenous labor
leisure decision. We have shown that the
solution and simulation of such a model is
quite tractable. The model and solution pro-
cedure provide a basis for studying the in-
fluence of inflation on the path of the real
economy and its cyclical characteristics. In
addition, the solution procedure we have
used could be employed to study the effects
of other distortions as well.

We have used this model as the basis for
estimating the welfare cost of the inflation
tax and studying the long-run features of
economies with different inflation rates. The
fact that our estimates are well within the
range of estimates obtained by other meth-
ods and that the empirical implications are
confirmed in cross-sectional data is very en-
couraging. This suggests to us that the ap-
proximations and simplifications we have
made in writing down a tractable model of a
competitive economy incorporating money
may not be too serious. This is not to argue
that econometric estimation of many of the

Netherlands, Norway, Portugal, Spain, Sweden, Switzer-
land, UK, Canada, United States, Australia, New
Zealand, Japan, Chile, and Venezuela. Population data
are taken from Summers and Allan Heston (1988) and
the remainder of the data are taken fromn the Interna-
tional Labor Office (1987).
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parameters we have simply specified might
not yield further insights into these prob-
lems. What we find appealing about this
approach is that all the features of the econ-
omy, from the decision rules to the specifi-
cation of technology and preferences are ex-
plicit. Nothing is hidden. This makes it a
valuable environment for experimental exer-
cises like those considered here, and for pos-
itive exercises, for example where one would
model the behavior of the monetary author-
ity.

Although we have shown that anticipated
inflation can have significant effects on the
long-run values of real variables, our model
economy predicts that the business cycle will
be the same in a high inflation economy as
in a low inflation economy. When money
is supplied erratically, the characteristics of
the business cycle are altered somewhat.
These changes in the characteristics of the
cycle occur solely because of changes in allo-
cations that result from the changing condi-
tional expectation of inflation. Unexpected
inflation has no role in this model. However,
we speculate that the most important influ-
ence of money on short-run fluctuations are
likely to stem from the influence of the
money supply process on expectations of
relative prices, as in the natural rate litera-
ture. That is, if money does have a signifi-
cant effect on the characteristics of the cycle
it is likely to come about because the behav-
ior of the monetary authority has serious
informational consequences for private
agents.

APPENDIX

Decision Rules for Selected Cases

Constant Growth Rate
7=10.99

P =1.84778—0.56736 Z —0.05610 K
X =0.66517+1.77463 Z—0.03318 K

g=1.00

P =1.86644—0.57309 Z —0.05724 K
X =0.65852+1.75688 Z —0.03318 K
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=115

P =2.14634-0.65911 Z —0.07569 K
X =0.57260+1.52768 Z —0.03318 K

Autoregressive Growth Rate

g§=1015
P =1.88633-0.58175 Z
+0.55474log g —0.05898 K
x =0.64419+1.73073 Z
+0.3021910g g —0.03318 K
g=115

P =2.07319-0.66585 Z
+0.63537log g —0.07726 K

X=0.52716 +1.51216 Z
+0.26423log g —0.03318 K
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