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Abstract

Internet-based marketplaces represent an additional channel for the procurement of
material or components. In this paper, we study the effects of such a spot market on a
supplier-retailer problem, where the retailer operates in a make-to-order environment
and where the supplier offers a long-term contract to the retailer. We determine a class
of contracts that allow both means of supply (spot market and long-term contract) to
coexist, and we give a necessary and sufficient condition for those contracts to achieve
channel coordination. We introduce a new type of contract, a linear risk sharing
contract, that achieves system efficiency and enables a range of profit split between the
supplier and the retailer. We also study closely the retailer’s problem under the linear

risk sharing contract, discuss numerical examples, and provide managerial insights.
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1 Introduction

Recently, internet-based marketplaces and on-line trading communities have been praised
for enabling the new revolution in procurement. As a consequence, Business-to-Business
companies have been mushrooming, with many of them, e.g., Ariba, Commerce One,
Chemdex, or FreeMarkets, attaining breath-taking stock market capitalizations before
the downturn in the stock market. Even traditional bricks-and-mortar companies such
as Ford and General Motors or Boeing have been setting up their own Web markets.
However, despite the hype around these new channels of procurement, only very few
manufacturers use them actively, as is manifested by the low transaction volumes of
most of the internet-based marketplaces (see [5, 2001]). Part of the reason for this slow
acceptance is that manufacturers struggle with managing the risk that the varying
price and delivery schedules of the on-line trading communities introduce into their
procurement process. Likewise, suppliers are hesitant to utilize these marketplaces as

a sales channel.

Moreover, although it is fairly evident that the Web can lead to tremendous cost
savings by automating transactions and that the buyers should be at least as well off in
a world with internet-based exchanges where everything else remains the same, experts
are unclear about the underlying economics. In particular, there is an apparent need
for analytical models that identify the circumstances under which B2B marketplaces
will succeed, and to assess whether they will replace traditional long-term supply con-
tracts, or whether they will coexist with long-term contracts in the long run. Although
the current industry trend is towards collaborative commerce between manufacturers
and suppliers, and customers (see [18, 2001]), signifying that companies now again
try to establish long-term contractual relationships with their suppliers, this may not
be optimal in the long run and the critical issue becomes: Which type of contractual
relationship between a retailer and her supplier will be efficient, i.e., lead to maxi-

mum system profit in a decentralized setting? - And what is the optimal procurement



strategy for the retailer under these efficient contracts? Since spot markets offer more
flexibility to the buyer, they are expected to be more expensive than long-term con-
tracts (at least in expectation), and one might thus argue that spot markets will only
be used relatively infrequently, as needed. In the event of a spot market being less ex-
pensive, there still remain issues of the impact of the actual (possibly uncertain) unit
price on the spot market and total available capacity. Yet another issue is whether the
spot markets’ current low levels of transaction volumes prevent manufacturers from

using spot markets or whether this is more temporary phenomenon?

In this paper, our objective is to provide a generic framework for the study of supply
chain coordination in general, including in the presence of internet-based marketplaces.
In particular, we consider a retailer who can procure components or raw materials either
via a traditional long-term contract, an internet-enabled spot market, or by using a
combination of both means of supply. The supplier can sell only via the long-term
contract and defines the pricing schedule associated with the contract. The retailer
then chooses the cost minimizing level of contract quantity and uses the spot market

only if the demand exceeds the reserved quantity level.

We first introduce a general set of supply contracts and derive necessary and suffi-
cient conditions for them to be efficient in such a situation, i.e., to achieve maximum
system profits in a decentralized setting. Notice that the class of supply contracts
under consideration is general enough to include prominent examples such as quantity
flexibility, buy-back, and fixed quantity commitment contracts. Another contribution
of this paper is that we introduce a new class of supply contracts, which we refer to as
linear risk sharing scheme. This type of contracts, considered as very realistic by com-
panies such as General Motors, permits to reach efficiency in a decentralized setting,

and is very simple to implement.

The questions we address for this particular contract are the following: 1. Under

what conditions is it optimal to use both supply channels? 2. What determines the



optimal production quantity level? - Using a single period setting (e.g., corresponding
to a quarter or year) with the objective of determining the profit-maximizing procure-
ment mix, we demonstrate that both procurement channels provide economic value for
buyers and that they will thus coexist with long-term supply channels. We prove and
demonstrate that the optimal value of the production quantity level committed by the
retailer to the long-term supplier is in most cases close to the mean value of demand.
To our knowledge, for the first time, we are demonstrating that spot markets have an

economic value and will thus be used on a sustained basis.

This paper is organized as follows: In Section 2 we give a brief summary of the
related financial and supply chain management literature. We also state how our ap-
proach differs from those used by the various authors. Section 3 presents the general
framework and discuss how more general models are embedded in the one we are ana-
lyzing here. In Section 4 we introduce the class of contracts that we will be focusing on,
and determine a necessary and sufficient condition for channel coordination. Finally,
in Section 5 we introduce a new type of contract, which we call “linear risk sharing
contract”, that belongs to the class of contracts we are analyzing in this paper, and we
show that we can reach system efficiency with this type of contract. Using the linear
risk sharing contract, we study the retailer’s problem more closely and we discuss nu-
merical examples, which provide managerial insights. We conclude with a summary of
our results and discuss plans for future research that we deem important. Most proofs

are collected in the Appendix.

2 Related Literature

Two major lines of literature are relevant to this paper: the operations and supply
chain management literature on supply contracts and dual sourcing and the finance

and economics literature on options and dual supply.



The literature on supply chain contracts and its impact on supply chain coordi-
nation has exploded over the past few years. Recent review papers such as the ones
by Lariviere ([10]), by Tsay et al. ([17, 1998]), and by Anupindi and Bassok (]I,
1998]) summarize many of the results. Li and Kouvelis ([11, 1999]) develop valuation
methodologies for different types of supply contracts under deterministic demand but
uncertain prices. They also consider a linear "risk-sharing” contract similar to the
one we adopt. Prominent examples of research regarding channel coordination are
the following: Tsay ([16]) shows that a quantity flexibility contract, which specifies a
minimum and a maximum purchasing quantity, can achieve maximum system profits
in a decentralized setting. Donohue ([7]) finds that buy-back contracts can coordinate
retailer and supplier, too. More recently, Barnes et al. ([4]) investigate the role of op-
tions in a buyer-supplier system and show that channel coordination can be achieved

only if the options exercise price is piecewise linear.

Channel coordination has also been extensively studied in the marketing litera-
ture. Pasternack studies buy-back contracts with wholesale pricing and return policies
and shows that they allow to achieve channel coordination while ensuring individual

rationality.

A number of recent papers study the effect of dual sourcing on a production system.
Fong et al. ([9, 2000]) as well as Rudi ( [14, 1999]) analyze the effect of dual sourcing
on the optimal inventory. Fong et al. study an inventory system with a choice between
two supply options having different lead-times. They allow for normally distributed
demand and Erlang-distributed supplier lead-times. In contrast to Fong et al., Rudi
does not assume that orders for both supply options are placed concurrently and con-
siders sequential decision-making. He uses a two-stage stochastic linear programming
formulation to analyze the split between make-to-stock and assemble-to-order. Both
papers assume that all cost parameters are deterministic. Van Mieghem ([19, 1999])

studies the option of subcontracting to improve financial performance by analyzing a



competitive stochastic investment game with recourse between a retailer and a subcon-
tractor. He considers a two-stage stochastic model of the investment decision process
of the two firms for three different contract types. Notice that the setting of his model
can be re-interpreted in our framework such that the subcontractor can play the role

of a spot market and the retailer owns a component production facility.

The recent paper by Cohen and Agrawal ([6, 1999]) considers a stochastic dynamic
program formulation to analyze the trade-off between long- and short-term contracts.
Their model, however, does only allow for the usage of either contract at a time, i.e.,
a mixed strategy is not considered as is the case in our paper. Seifert and Thonemann
( [15, 2000]) consider a situation similar to the one we consider here, in that they
determine the optimal mix between long-term contract and spot market under the
assumption that demand and spot market price follow a Bivariate Normal distribution.

Contrary to our paper, they do not model the supply side.

A recent example of finance research dealing with the role of inventories and the
economic theory of storage is the work of Routledge et al. ( [13, 2000]), who devise
a one-factor equilibrium model of forward prices for commodities with Markovian de-
mand shocks as stochastic input factor. This formulation allows the authors to provide
economic insights into the effect of inventories on spot prices, but does not consider

the effect of spot markets on supply chain operations.

In this paper, we contribute to the existing literature by considering the optimal
procurement strategy obtained by choosing between long-term contracts, spot market,
and a mix between the two. Our paper defines a general set of contracts that allow
channel coordination in a simple setting in the presence of a spot market. The model
is broad enough to cover a dual sourcing problem, or even a one source of supply
with lost sales. We are careful in making only very broad assumptions about the
spot market price-quantity uncertainty and the demand distribution when formulating

our models. We also consider a risk-sharing agreement between the retailer and her



long-term supplier with a linear unit price penalty for under-using supplier reserved
production quantity. Using analytical results and numerical computation, we provide
managerial insights into the chosen reservation level and the cost savings that the
retailer can achieve by following the optimal procurement strategy, which always is a

mixed strategy between long-term and spot market channel.

3 The Model

We consider a retailer operating in an assemble-to-order mode who needs to satisfy a
non-negative random end-demand d in every period. We assume that d has a continuous
density function, fy, and we call py the mean demand and o4 its standard deviation.
The retailer has the choice of purchasing components (potentially a critical component)
from the spot market and/or negotiating a long-term deal with a particular supplier.
The long-term contract is defined by two quantities, an amount of units K that the
supplier will have available in every period and a pricing scheme denoted by P(d, K),
that determines the unit price that the retailer will pay the supplier when d units are

bought out of the K reserved initially.

If both players agree to enter into such a contractual relationship, i.e., decide on a
unit pricing scheme P(d, K) and a reservation quantity K, then as the end-customer
demand d is realized, two cases are possible. First, if the demand d is smaller than the
reserved amount K, then the retailer will meet her entire demand from the long-term
supplier and pay the associated unit price P(d, K). Second, if the demand d is bigger
than K, then the retailer procures K units from the long-term supplier at a unit price
P(K,K) = p and buys the remaining d — K units on the spot market at the current
price w. Notice that we assume here that the retailer will always meet all her demand
d. This is possible as the spot market is not capacity constrained. The retailer will sell

the goods to her end-customer at a fixed unit price b. The unit production cost for the



supplier is m. All units remaining in the system are salvaged at unit price s.

Contrary to the long-term contract, the unit price on the spot market, 7, is random.
Evidently, the spot market price, 7, will be affected by the overall demand for the end
product, for which the particular component is being used. Since the retailer’s demand,
d, will most probably depend on the industry-wide demand, we assume that the spot

market unit price is correlated with the overall (end) demand the retailer receives.

As the demand is realized before the spot market is cleared and the price 7 is
revealed, the conditional expectation of the unit spot market price given a certain
realization of total demand, d, is relevant to our analysis. We denote this quantity
by 7 (d) = E[r|d] and we let T be the expected spot market unit price, 7 = E [r] =
Iy m(u) fa(u)du. Furthermore, we assume m(d) to be a continuous function on [0, 00).
The cost of ordering ¢ units from the spot market when the total end-demand is d, is
thus equal to I1((,d) = ¢-m(d). The following assumption related to the different costs

involved will be assumed to hold throughout the paper.

Al s<m < p<7and for all u, s <= m(u).

The inequality p < 7 suggests that the spot market is not the cheapest way of
buying the goods, in expectation. The unit price charged by the long-term supplier
when the retailer buys all the K units reserved is denoted by p and it is strictly smaller

than the mean spot market price. The other inequalities are self-explanatory.

3.1 Shortage Cost and Spot Market

It is quite evident that one could interpret the spot market price as a general shortage
cost. Indeed, consider the reserved production quantity, K, as the safety stock in

a newsvendor-type model. In this interpretation, the spot price is equivalent to the



(underage) cost per unit of demand in excess of K, that cannot be met from the safety
stock. (Notice that since we focus on a make-to-order environment, the holding cost
does not enter into the equations.) Let Hgys be the expected procurement cost to
paid on the spot market, we have that Hgy(K) = E{[d — K|Tn(d)}. Having said
that, there still is a difference between charging a penalty cost and buying the units
from the spot market. In the former case, no revenues are generated, whereas in the
latter, the retailer is selling the units bought on the spot market and is thus generating
revenues of b per unit. However, by defining a slightly modified spot market curve one
can easily show that both versions of the problem are equivalent. To this end, note
that by charging a penalty cost z for every unit of unfilled demand the retailer will
only choose to not fulfill a unit of demand if its effective cost z + b is smaller than the

spot price, m(d). Therefore, the new cost function Hgy, is given by,

Hsp(K) = (b+ 2)E{[d — K" La@ysots} + E{m(d)[d — K] Luay<oto }
= E {min(r(d), (b + 2))[d — K|*}

By defining for all d, 7(d) = min(7(d), (b+ 2)), the version with shortage cost becomes
similar to the one we are considering here, namely assuming that the entire end-demand
d has to be satisfied using both means of supply as we explained earlier. In a similar
fashion, our formulation can also account for a situation without a spot market, i.e.,
where the retailer can procure only via the long-term contract and faces a (possibly
non-constant) shortage penalty per unit of unsatisfied demand. In summary, as this

part is concerned, our paper generalizes other formulations in the literature.

3.2 Symmetric Information

The information available to both players as we described it earlier will be an important
factor in determining whether they will reach an equilibrium that is efficient for the

total system. More precisely, symmetric information between the two agents happens



to be a necessary condition to create an over-all efficient system. However, in this
paper inefficiency due to asymmetric information will not be our primary concern.
As we will argue later that even under symmetric information regarding the demand
distribution and the spot market, inefficiency of the system is inherently present unless
an additional condition is enforced which relates to the nature of the contract between
the retailer and the supplier. We refer the reader to Tsay ([16]) for a similar but more

complete discussion of this issue.

4 Channel Coordinating Contracts

In what follows we will first analyze the centralized case and compare it to the decen-
tralized case under symmetric information. As we do that, we will define the pricing
scheme specified in the long-term contract. Our definition determines a class of con-
tracts that is quite general as it comprises many well-known contract types. We then
study necessary and sufficient conditions for the system to be efficient based on our

general class of contracts.

4.1 Centralized Case

To establish a benchmark, we first consider the centralized problem, where for instance
the supplier and the retailer are owned by one firm. Quite evidently, there exists no
contract between the supplier and the retailer in the centralized case and the incentives
of both players are automatically aligned. Therefore, the profit of the centralized case

is the maximum one can achieve for the total system.

The centralized firm maximizes its expected profit, II.. (K), given by,

M. (K) = bug + sE[K — d]* — Hen(K) — Km



where Hg) is the expected cost of goods bought from the spot market:

(e 9]

Hen(K) = / (u — K)m(u) fa(u)du. (1)

K

Thus the optimal production quantity, K

cec)

is defined by
K =arg m%x{HCC(K)} (2)

The assumption Al stated earlier will guarantee the existence and uniqueness of K*

cc)

which is generally referred to as the first best solution.

Proposition 1 Under A1, K. exists and is the unique solution of
Hg (KC) = —m+ sFy (K7 (3)
K. is the first best solution.
Proof. I (0) = H,(0) —m =7 —m > 0, and limg o I/ .(K) = —(m — s) <
0. Therefore, there exists at least one finite value, K. where II.. reaches its global

maximum. In order to show that this value is unique we prove that Il.. is concave in

K under A1. As a matter of fact,
[0 (K) = —m(K) fa(K) + s fa(K) >0

By the same token we just showed that Hgj, is convex in K. m

4.2 Decentralized Case

We come back to the decentralized case, where the supplier and the retailer are two
independent entities. Each of them is maximizing her own profit but still has the

common interest of achieving a high total system profit.
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4.2.1 The Supplier

Our primary focus in this paper is on the retailer. Therefore, from the supplier’s side we
chose to only model the supply contract with the retailer. The supplier’s revenues are
then generated only from the long-term contract, and other sources of revenues such
as, possibly, the spot market are omitted. If we denote by Hpr (K) these revenues

given a contract reservation quantity, K, we have that
Hurl0) = [ (s ) aladdu + K1~ Fa(i)
and the associated profit, IT, (K), is then given by
I, (K)=Hp(K)+sE[K —d —mK

We assume that the following conditions hold true regarding the long-term pricing

scheme:

A2 P(u, K) is increasing and concave in K, and
OP (u, K)
0K

g — (4)
u=K

The fact that the unit price P(u, K) increases with K, means that the retailer
will be charged more for buying the same amount of units when the initial reservation
amount is higher, or equivalently when the amount of under-used production quantity is
higher. This assumption will make sure for instance that the retailer does not reserve a
higher amount than needed without being penalized. The concavity assumption reflects
a certain economy of scale, e.g., stemming from reduced set-up costs or improved
production efficiency due to the higher contract volume. The last part of assumption
A2 given by equation (4) is a technical condition. This way, A2 is enough to ensure

the concavity of the supplier’s total expected revenues as we will see later.

Before we continue our analysis of the supplier’s profit function, Ils, we briefly
indicate the generality of the contract pricing scheme under consideration in providing

examples of well-studied supply contracts that are but special cases.
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Examples of Supply Contracts Satisfying A2 Many of the supply contracts in
the literature follow A2. Consider, for instance, a fized quantity commitment contract
where the retailer pays a fixed unit price p for ordering a constant amount K in every
period. In this case, there exists no flexibility in terms of the units bought and the
retailer salvages the leftover units, [K — d]+, at a unit value, s. Since in our formulation
the supplier keeps the salvage value, the contract price has to be adjusted accordingly
in order to have an equivalent setting to ours. Thus, the effective unit price, P.(d, K)
(to be compared to our P(d, K) defined above), that the retailer has to pay in order

to satisfy a demand level d equals

Pe(d,K):snL]%K for K > d

which is linear increasing in K for all d and hence follows A2. Another well-known
contract is the quantity flexibility contract defined for instance in Tsay ([16]), where the
contract specifies a fixed unit price, p, and the retailer needs to buy a minimum amount
Qmin = oK, with a € (0,1) while the supplier ensures the availability of Quax = K
units. Again, assuming that the retailer can salvage any leftover units, [ K — d]+, at

a unit value s, the effective price

s+22aK for K > d/o
p for d <= K <=d/a

P.(d,K) =

is increasing and concave in K for all d and again follows A2.

Finally, consider the buy-back contracts defined for instance by Pasternack ( [12])
and Donohue ([7]). With this type of contracts, there exists a flexibility related to the
number of units bought from the supplier, in the following sense. The retailer buys K
units at a price p, however, after the demand d is realized, [K — d|* units are returned
to the supplier at a unit price b, with s <= b < p (s is again the salvage value). The

effective unit price is thus

Pe(d,K):bﬂ%bK for K >d

12



that is, P.(d, K) is linearly increasing in K and again follows A2.

It should then be clear that the class of contracts defined by A2, is quite broad.

Now, we use A2 to easily verify that Hpr is well-behaved:
Lemma 1 Under A2, Hyr is increasing and concave in K.

Proof. The proof follows directly from A2 and using the second derivative of

Hpr (K)

K 92P(u, K) OP(u, K)

H/+(K) :/0 qud(u)du—i— Ok Kfy(K) —pfa(K))

u=K

Furthermore, A1 and A2 together ensure that I1; is concave and that it has a unique

maximuim.

Proposition 2 Under A1 and A2, 11, is concave and admits a unique maximum at

K* such that

s

Hip(K7) = m — sFy (K7) ()

K? is non-zero but could be infinite in some cases.

The above proposition provides us with the supplier’s maximum profit for any

contract pricing scheme that follows assumptions A1l and A2.

4.2.2 The Retailer

Similarly, the retailer maximizes her expected profit, I1g (K), given by,

g (K) = bpg — Hir(K) — Hsu (K) (6)

13



Figure 1: The effective unit price w,(d, K)

Notice that Il (K) is governed by the retailer’s total expected procurement cost,

G (K), with G(K) = Hpr(K) + Hspy (K) or, combining the two terms,

G(K)= /000 we(u, K)ufy(u)du

where w,(d, K) is the effective unit price for any amount of demand d non-negative,
when the reserved amount is K.

[m(d)d — K(m(d) —p)]/d for K <d

P(d,K) for K>d

we(d, K) =

By plotting the graph of this effective unit price as a function of K when d is fixed
and assuming P(d, K) to follow assumption A2, one easily notices that we(d, K) is
unimodal admitting a minimum at d if 7 (d) is greater than or equal to p. (see Figure
1). Therefore, as 7 > p (by Al) one would expect this characteristic to be preserved
by taking the expected value of the total cost, G(K) = E[d - w.(d, K)], at least for well
behaving demand distributions or for many pricing schedules, P, (d, K') and 7 (d) (e.g.,
with minor conditions for the three examples satisfying A2 mentioned above). We will

assume the following to hold:

A3 @ is unimodal.

14



We note here that we can prove in many cases that [l admits a maximum (or
equivalently that G admits a minimum), for instance if Hyr is not bounded (which is
the case in the different type of contracts we discussed earlier). However, the unique-
ness of this maximum, although it appears to hold numerically for many common
demand distributions (such as normal and exponential), is a difficult question to prove

analytically.

Proposition 3 Under A2 and A3, Ilg is unimodal and admits a unique, finite maxi-

mum at Ky > 0, such that

Hip(KR) + Hgp (KR) = 0 (7)

Proposition 2 together with Proposition 3 show that both the retailer and the
supplier will try to maximize their own profit by pushing for a contract based on their
optimal reservation quantity (K% or K7). As these two desired contract quantities are
not necessarily equal, a negotiation between the retailer and her supplier should take
place in order to determine the contract quantity. As both players’ profit functions
are unimodal, it is easy to see that a Nash equilibrium will always be reached, i.e.,
a contractual agreement can be reached and a long-term contract will be established
between the two players. Proposition 4 also asserts that for all type of contracts that
verify the previous conditions, both means of supply, the long-term contract and the

spot market, will be used as procurement channels by the retailer (K* > 0).

Proposition 4 For any pricing scheme and demand distribution, defined by the as-

sumptions A1-A3, there exists a Nash equilibrium between the retailer and the supplier,
defined by
K* = min(K%, Kj)

and K* 1is strictly positive.

15



We are now ready to “compare” the system profits resulting from the Nash equilib-

rium to the ones achieved in the centralized system, i.e., the maximum system profits:

Theorem 1 Consider a long-term contract that follows conditions A1-A8. The con-

tract is system-efficient if and only if
Hyp(KC) =m (8)
Where K. is defined by (3). In this case,
K'=Ki=Ky, =K.

Otherwise, the system is strictly inefficient and the retailer will always under-consume,
1.€.,

K* < K, (9)

Proof. By the uniqueness of the solutions of (7) and (5) in addition to the condition
given by (8) we conclude that K% = Kj; = K}, = K*. On the other hand, since
the functions —Hyg,, and H;}, intersect at a unique point K%, we conclude, as both
functions are non-increasing, that either H,(K) > —Hg,,(K) for K such that K}, >
K and Hyp(K) < —H§,,(K) for K > K3}, or the other way around. Therefore, as K}
and K}, are defined by the intersection of Hj, (resp. H§,,) with m — sF,(K), which
is decreasing in K, we necessarily have either K3 > K’ > Ky or K > K. > Kg.

This leads in both cases to K™ being smaller than K. m

Based on Theorem 1, the inequality (9) holds, and hence the system is inefficient
for any supply contract and demand distribution of the type we are considering in
this paper (including the contracts we discussed earlier such as fixed quantity com-
mitment, quantity flexibility, and buy back) unless equation (8) is fulfilled. Thus, the
double marginalization phenomenon is present resulting interestingly always in under-

consumption by the retailer with respect to the centralized system. Only if one can

16



design a contract such that (8) holds will the system be efficient and the total system
profit is maximized. The optimal production/contract-reservation quantity will in this
case necessarily be equal to K. We will observe here that all the contracts that we
introduced earlier could potentially be used to reach system efficiency and again one
will only need to solve for (8). We should observe that what makes some contracts
more interesting than others is the level of flexibility they allow. For instance, the fixed
quantity commitment contract, i.e., which is based on a fixed quantity and fixed price,
will enable system efficiency if and only if the price charged by the supplier is equal to
the marginal production cost, m = p, which would lead to the supplier earning zero
profit. Other types of contracts are more realistic as it is possible for both the supplier

and the retailer to achieve positive profits in the efficient case by using these contracts.

5 Linear Risk-Sharing Contract

With a fixed quantity commitment contract, commonly used in the literature, the
retailer decides on the order quantity K via the long-term contract and she commits
to purchasing it before the actual demand is known. Any leftover remaining inventory
is salvaged at the unit salvage value, s. Obviously, this approach leaves the retailer

with a high risk due to the demand uncertainty.

The contract pricing scheme that we propose in the following represents a mech-
anism of sharing this risk between both parties (while still allowing for channel coor-
dination). More specifically, we assume that the contract’s pricing scheme, P (u, K),
is linear in the retailer’s order quantity. Thus, it is completely determined by two
parameters, to which we will refer as p and c¢. The first one, p = P (K, K), determines
the unit price when the reserved quantity is fully used by the retailer, and the second

one, ¢, with p < ¢ <= 2p — s, defines the maximum amount per unit that the retailer

17



has to pay when “under-buying”. We thus have

c—p

Pu,K) = — cu+c forallu<=K (10)

and we obtain that Hr, the expected cost to the retailer for purchases from the

long-term supplier, equals

Hpr(K) = /OKu (—C[_(pu + c) fa(uw)du + Kp(1 — Fy(K)) (11)

Remark: Note that if ¢ = p then the pricing scheme is constant and similar to the fixed
quantity commitment contract defined in the first part of the paper. The only
difference is that now the retailer is not forced to purchase K units regardless of
her end demand. This implies that the entire risk due to the end demand resides
with the supplier. Hence, in order to ensure a “sharing” of the risk associated

with the demand uncertainty we assume that ¢ > p.

Before going further, we should verify that this linear unit pricing scheme belongs

the class of contracts we discussed earlier mainly that A2 holds.
Lemma 2 The linear pricing scheme verifies A2.

Proof. We have

OP(u,K) c¢—
oKk~ K2 cu forallu <= K
and
0?P(u, K) c—p

K2 — s U for all u <= K
Furthermore,

8P(u,K)| _c—p__p=s

ok """ K T K

by assumption on c. =

18



Concerning assumption A3, we note that it is equivalent to say that Iz admits a
finite unique maximum. Now that we are dealing with a specific linear pricing scheme,
A3 is not anymore a condition on the pricing scheme but should be viewed as an
assumption on the demand distribution. What we were able to show (next Proposition)
is that [Tz admits a maximum under this pricing scheme (this is not trivial as Hyr in
this case is bounded). However, the uniqueness of the maximum seems very difficult to
show analytically, although it seems to hold numerically for most known distributions.

For the sake of generality we keep A3 as an assumption.

Proposition 5 Consider a linear pricing scheme and assume that A1 holds. If

/000 W (1) fam (u)du < o0 (12)

then Iz admits a finite maximum.

Proof. We consider the first derivative of g, I’z (K) = H}p(K)+ Hg,, (K). Note
first that from A1, IT%(0) = 7 —p > 0. It is enough to show that II; is non-positive for
K big enough. From the defining equations for Hy7 (K) and Hgy (K) together with

the fact that o4 < 0o, we can easily see that,
K
K*Hyp () = (e~ ) [ fanlu)du + pK? (1 = Fan ()
0

hence

+00 +o00 o0
0<= K2H’LT(K)—(c—p)/O u? fam (u)du <= (c—p) /K qudm(u)du—i-p/K u? fam (u)du

So we conclude that K2Hj(K) — (c—p) [, u?fam(u)du < 00 as K goes to infinity.

On the other hand, from (12) we get

o

0 <= —K*Hly, (K) = K® / () fam (1)t

K

<= / W (w) fam(u)du — 0 as K — oo
K

19



Thus, K2I(K) = —K?(Hey (K) + Hyp(K)) — —(c—p) [,

o u? fam(u)du < 0. Hence
there exists K , such that VK > K

R(K) <0
which complete our proof. m

The condition given by equation (12) is assumed to hold for technical reasons that
becomes clear in the proof of the previous Proposition. But one should note that this
condition has a little effect on the type of demand distributions that one chooses to
use, especially when assuming that the standard deviation of the demand is already

finite.

5.1 Channel Coordinating Contract with Risk Sharing

Now that we made sure that such type of contracts belong to the class we studied
in the previous section, we are interested in studying whether it could ensure system-
efficiency. Based on Theorem 1, we only need to verify that the linear pricing scheme
as defined above verifies equation (8) to conclude that the linear pricing scheme leads

to channel coordination.

Proposition 6 Under a linear pricing scheme as described above, system-efficiency is

reached when one chooses p and ¢ such that p € (p1,p) with py < p and

P1—5,
cp) =p+ = p—p
@) p—nr ( )
where,
pr=|s+ K20 sfalBe) | |y K7 (1(*_ FalHee))
Jo v fa(u)du Jo v fa(u)du
and

m — sky (KZ)

P = min(7, ps), with py = (1= Fy(K~)

Again K}, is given by equation (3).
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Proof. We know that in order to achieve the same production (and the same profit)
level as in the centralized case, we need the following to hold
Kl o2

*2
0 ch

Hip(KZ) = (c—p) Jaw)du +p (1 = Fy(KC,)) = m — sFq (KC,)

Thus, for any fixed p, ¢ = ¢ (p), which achieves the centralized profits in a decentralized
system, will be given by
MG = SK2Fa (K5) +p | J; ? faw)du — K22 (1= Fa(K2)

fOK:C u? fg(u)du

For there to be a risk sharing in the sense that we defined above, we need to enforce

c(p) =

that p < ¢ <=2p — s. 1t is clear that

o) — p fe a2 —p (1= Fu(K)

fOKZC u? fg(u)du
_ K*Q m — SFd (K:c) +p . *2 (1 - Fd(K:c))
“ fOKgc u? fy(u)du “ fOKZC u? fq(u)du

Hence, as c¢(.) is linear in p, there exists two constants p; and ps such that for all
p € (p1,p2), p < c<2p—s. pp (resp. pp) is the solution of ¢(p) = p and ¢(p) = 2p — s.
Since ¢(0) > 0 we necessarily have p; < po. In the case where m(u) = 7 for all u,

Equation (3) gives us that p, = 7. =

The previous result is interesting as it shows that the linear risk sharing contracts
can lead to system efficiency, when the constants p and ¢ are well chosen. However,
another important characteristic of such contracts, is the fact that they enable for a
wide range of profit split between the retailer and the supplier. Every value of p in the
interval (p1,p) defined above, corresponds to a certain profit split. We observe that
both profits IIg and Ilg are linear in p and by definition they sum to Il..(K}.), as we
can see in Figure 2. This could also allow for a fair total profit sharing based on the
negotiation power of each player. By conducting a sensitivity analysis on the previous
results (derived numerically), and studying the effect of an increase in the volatility

of the demand, we noticed the following. As expected all the profit decrease with an
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Figure 2: Profit split between the retailer and the supplier for an efficient system
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Figure 3: Expected profit vs. changes in demand variability

increase in demand variability. However two interesting points are worth mentioning.
The first one is that the optimal production quantity K takes values around the mean
demand and is not much affected by this change of variability. The second concerns
the profit of the retailer and the supplier. We observe that the supplier gets highly
affected by the change in the standard deviation of the demand distribution, (see Figure
3) where the retailer profit decreases in a very moderate way. The retailer is hedging,
through the dual sourcing, against the demand variability. The spot market is bringing
here an important advantage to the retailer. Due to the way the problem is structured
and especially since the long-term contract is the preferred means of supply, a natural
question that arises is to ask how often the spot market will be used. Indeed, the higher
the amount of reserved quantity, K, the less frequent the supplier purchases on the

spot market. We will address this point in our numerical analysis later in the paper.
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5.2 Retailer’s Problem Revisited

Since our model does not allow the supplier to participate in the spot market and the
supplier’s decision problem is thus not our primary concern, we are going to focus in
the remainder of this paper primarily on the retailer’s problem, given that a contract
with linear pricing scheme has been imposed. By this token, the main objective of this
section is therefore to study the optimal procurement strategy from a retailer’s point of
view when a supply contract with linear pricing scheme is being used. The retailer will
choose the expected minimum cost procurement channel mix between the spot market
channel and the reservation quantity level of the long-term reservation quantity channel
(including the possibility of one channel alone). Note again that for the retailer, it is
equivalent to consider in the analysis either the cost or the profit function. We chose in
this section to work with the former. Finally, the only assumption that we are keeping

here is A1l related to the different fixed unit costs.

We now state the main result (based mainly on Proposition 5) that indicates that
the spot market is valuable under the fairly general conditions stated earlier. We will

also characterize the values of the (optimal) contracted quantity K.

Theorem 2 Consider a linear pricing scheme, and let K}, be the value of K that

mazximizes the retailer’s expected profit.

e Suppose that equation (12) holds together with A1. If the demand is random on
the real line, then the retailer’s profit function g (K) admits a mazimum at K7,

such that 0 < Kj < oo.

o [f the total demand d has finite support [0, X], with 0 < X < oo, and A1 holds
then the retailer’s profit function Ilgx(K) admits a mazimum at K}, such that

0< K < X.
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It is important to recognize that K7 = X (X = oo in the first case and X finite
in the second) corresponds to the case when the retailer uses the long-term supplier
exclusively and, on the other extreme, K} = 0 is equivalent to the retailer purchasing
only from the spot market. A value of K} equal to an interior point of the support of
d means that a mixed strategy is optimal. Note that if the demand is deterministic,
there will clearly be no mix, i.e., the retailer will select the supplier with the cheapest
unit price and hence, in our case, will go with the long-term contract as Assumption

A1 holds. Note the following remarks:

e By stating that K7J, never takes on one of the extreme points of the domain,
Theorem 2 indicates that for a wide range of demand distributions a mixed
procurement strategy is always optimal for the retailer, i.e., she will always choose
to meet part of her demand with the long-term supplier and the remainder via

the spot market.

e The intuition behind Theorem 2 is that the realizations of the higher demand
values occur only with a small probability, and thus the retailer is better off paying
a high price on the spot market for these “rare” (“low probability”) events than
to almost always pay a penalty for under-using the supplier’s reserved quantity.
Nevertheless, it is surprising that a mixed strategy is optimal, regardless of the
spot market price (e.g., even for a very high one in comparison to the long-term

contract pricing schedule), and for a fairly general class of demand distributions.

5.2.1 Example: Exponential Demand Distribution

To further illustrate the findings of Theorem 2, we provide a specific example assuming
that the demand for the retailer’s products follows an exponential distribution (fq(u) =
Aexp (—Au)) and that the spot market price is independent of the retailer’s order, i.e.,

m(u) = m and thus II = Tug. Furthermore, in order to make the calculations simpler
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to follow, we put s = 0 and ¢ = 2p (which may not result in system efficiency). Under
these assumptions, the retailer’s objective becomes:

b e M1+ 2K e KA
m}z}XHR(K)—X—2p 7% -

It is then easy to verify that if Assumption Al applies, then K} € (0,00), that is, a
mixed procurement strategy is optimal. We can furthermore establish that the optimal
level of reservation quantity is less than the mean value of demand when the spot market

is not too expensive in expectation. Or, more precisely,

Proposition 7 If the retailer’s demand follows an exponential distribution and the

spot market price is independent of the retailer’s order then,

Ky < pq if and only if 1<z<2(e—2) (13)
p

Notice that 2 (e — 2) ~ 1.4, that is the optimal level of quantity reservation, K7}, is
less than the mean value of demand, p4, even if the expected price premium on the spot
market price with respect to the minimum price via the long-term contract is as high
as 40%. Furthermore, since for an efficient contract K* = min (K}, K73,) Proposition 7
indicates that K* may well lie below the mean value of the demand, pg, implying that
both means of supply may be used by the retailer on a frequent basis in the efficient

contract.

5.2.2 Numerical Results & Managerial Insights

Consider the retailer’s expected procurement cost, G (K) only. Moreover, we assume
for the sake of simplicity that the contract with the long-term supplier specifies a
linear penalty for under-ordering, salvage value s = 0, and we model demand d and
spot market unit price 7 as a Bivariate Normal (BN) distribution with correlation p:
(d,w) ~ BN [pa, 03, fix, 05, p]. For the computations, we use that = (d) = E [r]d] =
pr + pZE (d = pa)-
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Figure 4: Example of G (K), the expected total procurement cost

Optimal Level of Reservation quantity, K* Figure 4 illustrates the impact of
varying the long-term quantity K on the total cost G(K). Note that this example
reflects the remarkable result that the optimal value of long-term quantity K* is in
most cases close to the mean of the demand faced by the retailer (rather than greatly
exceeding the mean demand level, as we might intuitively have expected without our
analysis leading to Theorem 2). This implies that both procurement channels will be
used on a regular, almost equal basis. According to Proposition 7 and our numerical
studies, this result holds true, even when the spot market is more expensive than
the long-term supplier. Obviously, as the spot market becomes more expensive with
respect to the long-term supplier, the optimal value of reserved long-term quantity K*

increases.

Optimal Total Cost, G (K*) Notice that the cost reduction due to the existence of
the spot market can be very significant. In the example of Figure 4, the retailer saves
around 40% in expected total cost with respect to exclusive procurement via long-
term contract, which is still the current practice in many corporations. In general, the
"value” of the mixed strategy can be computed as the difference between the expected
cost associated with an exclusive long-term supplier relationship, G (c0), and the min-

imum expected cost under the optimal (mixed) procurement strategy, G (K*). (Recall
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Figure 5: Robustness of G (K*) for BN (40, 04,4,1) and p = 2

that G (00) = Hpr (00) = cpg, which is for many demand distributions independent of
the standard deviation). The optimal procurement mix also yields significant savings

when compared to exclusive sourcing on the spot market.

We can also see that the unimodality assumption A3 is verified numerically for the

example of Figure 4.

Robustness of Results Most importantly, from a practitioner’s point of view, the
total expected cost, G (K), is relatively stable in the neighborhood of the optimal
quantity reservation level, K*. This means that a mixed strategy captures great savings
even when the quantity reservation level is not at its optimal level, e.g., due to errors
in demand forecast or cost parameter estimates. For instance, Figure 5 shows that
even for a relatively expensive spot market, where the average spot price, u,, equals
the most expensive price via the long-term contract, ¢ = 2p = 4, the difference in
expected total cost when the optimal long-term reservation quantity is chosen assuming
tqg = 40 and o4 = 10, G (K _) and the expected total cost when the reservation quantity
level is chosen optimally for each value of standard deviation of demand, G (K*), is

minimal. In addition, we plotted the absolute and relative difference between the two
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costs (denoted by Delta and % Delta in Figure 5) and the optimal value of long-term

reservation quantity, K*, itself.

Impact of Demand Uncertainty We can also study the effect of demand uncer-
tainty, modeled as standard deviation, o4, on the optimal procurement strategy. For
instance, the optimal level of reservation quantity, K*, increases with o4 in most cases,
in particular if pu, ~ p. However, K* decreases with demand uncertainty (standard
deviation) for u, = p, i.e., the spot market price is close to the lowest price available

from the long-term supplier.

Not surprisingly, the corresponding total cost, G(K*), increases with demand un-
certainty for most cases. Only if the spot price 7 is very close to p, the lowest price
via the long-term contract, and the demand and the spot price are strongly negatively
correlated (e.g., p < —0.5) may G (K*) decrease with o,. In general though, G(K*)
increases with o, in a fairly robust way (see Figures 5 and 7). Hence, the value of the
mixed procurement strategy, modeled as the difference between the optimal solution,
G (K*), and Hpr (00), corresponding to the cost associated with the current practice for
most corporations, which only use a single long-term supplier, decreases with demand
uncertainty, since Hpr (00) = cpg, which is for many distributions, in particular for

Binormal Distributions, independent of the value of the standard deviation of demand.

Impact of Spot Market Price and Uncertainty As the spot market becomes
more expensive with respect to the long-term contract price schedule, the retailer
prefers to purchase more from the long-term supplier. Our numerical study confirms
that both K* and G(K™*) are increasing with (relative increases in) the mean spot
market price, p,. We do not show any graphs regarding the impact of ., since the

results confirm common intuition.
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Figure 6: Impact of change in pg on K* and G (K*) for BN (g, pa/2,4,1, p) and p = 2

Impact of Coefficient of Variation of Demand A surprising finding was, how-
ever, that the optimal level of reservation quantity, K*, and the associated expected
procurement cost, G (K*), increase almost linearly with the mean value of demand,
ta, for a constant coefficient of variation cvg (where cvy = pg/o4). Figure 6 depicts
an illustrative example of how K* and G (K*) change with the mean demand, p4, for

constant coefficient of variation, cvg = 2.

Impact of Correlation between Spot Market Price and Demand For positive
correlation p, we would expect that the spot market becomes less attractive, because
the spot price is more likely to be high when the demand is high, whereas the opposite
should hold true for negative correlation. Indeed, our numerical study confirms that
K* and G (K™) increase with the value of correlation p. Moreover, the difference in
expected total cost for different values of p becomes more pronounced for high values
of standard deviation of demand (while mean demand remains constant), i.e., G(K*)
grows faster with the standard deviation of demand for higher values of p. See Figure

7 for an example of how the correlation p impacts the total expected cost, G (K*).

Notice that both positive and negative correlation between spot price 7 and demand
d could occur: Negative correlation would be typical for a mature industry where
players merely fight for market share and the overall industry sales are flat. In such

a situation, an increase in demand for one retailer’s products is accompanied by a
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Figure 7: Impact of o4 and p for BN (40, 04,4,1, p) and p = 2

decrease in demand for competing products. Hence, the amount of orders that the
retailer’s competitors will place on the spot market is low, resulting in a low spot
price (while the retailer’s demand is high). The opposite scenario (positive correlation
between spot market price and demand) could realize in a growing industry, where
increasing demand for one player’s products is an indication of overall industry growth.
The spot price would tend to be higher in such a scenario, reflecting the overall strong
industry demand. Hence, a high value of d means that higher values of 7 are likely,

too.

Spot Price Volatility Surprisingly, the impact of the spot market price variability
depends on the correlation between spot market price and demand. When the standard
deviation of the spot market price, o,, is low, the spot market price is relatively
stable and predictable. Accordingly, the optimal level of reservation quantity, K*,
and the associated expected total cost, G (K*), increase with o, for positive values of
correlation, p. However, our computations revealed (see Figure 8) that for negative
correlation p, the spot market becomes more attractive with increasing volatility, o,

i.e., both K* and G (K*) decrease with o, because when demand is high, the spot
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Figure 8: Effect of o, on K* and G (K*) for BN (20,5, 3,0,,p) and p = 2

price is likely to be low due to the negative correlation. In such a situation, the high
volatility of the spot price, as modeled by o,, increases the chances that a very low
unit price is present on the spot market when the retailer’s end demand, d, is high

even more than already by the negative correlation between 7 and d.

6 Conclusions

In this paper we offered a generic framework for a simple setting to construct efficient
supply contracts. We showed that the possible types of contracts include many of the
well known ones from the academic literature. We introduced a linear pricing scheme
with risk-sharing that allows channel coordination for which we study numerically
and analytically the retailer’s problem. An interesting conclusion is that although on
average the spot market is considered a more expensive means of supply, in many cases
the efficient contract quantity, K*, will be around the mean value of the retailer’s end

demand, ig.

Despite the mushrooming of internet-based marketplaces, manufacturers (and sup-
pliers) are reluctant to embrace them wholeheartedly and integrate them in their pro-

curement (and sales) processes. To the best of our knowledge, our paper is one of the
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first to address the issue of how to make best use of these spot markets by suggesting
the optimal procurement strategy between long-term contracts, spot markets, or any
mix between the two channels. More specifically, we show that such spot markets are
beneficial from the retailer’s perspective and that both spot markets and long-term
contracts coexist under fairly general conditions. Since little is now known from exist-
ing spot markets because of their short history, we were careful to avoid any restrictive
assumptions. Knowing that such spot markets can significantly reduce supplier costs,
even if the unit price on the spot market is much higher than via the long-term contract
or when the availability of products on the spot markets is limited, procurement man-
agers should increase their companies’ efforts towards internet-based procurement and
prepare supply chains for such a change. Capitalizing on our models, these managers
can effectively manage the risk of such a move and determine the optimal procurement

channel mix.

We also studied the sensitivities of the results with respect to the various input
parameters. Our computational study provides significant managerial insights into how
the different parameters affect the optimal choice of the long-term reservation quantity
level, K*, and the associated expected total cost to the retailer, G (K*). In particular,
the computational result that in most cases the chosen value of K* is close to the mean
demand value, is not at all evident and hence of very significant value. It is important
to recognize that our results are even applicable for customized components, which are
specifically made and designed for one customer. In such a situation, the spot market
could be designed to trade production quantity instead of finished components, as long
as the same machines can produce several customized products for potentially different
companies (possibly requiring a set-up cost). The semiconductor industry represents
an example, where it is common practice to negotiate supplier contracts based on
wafer starts per week, i.e., in production capacity. Quality and delivery performance
become more important in such a setting, since the retailer is highly dependent on

the supplier’s ability to deliver high quality products on time. However, as more and
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more internet-based marketplaces offer quality and credibility verification on both the
potential buyers and sellers, the main decision-making criteria will be the price of the

good offered.

There are many avenues that we deem important to pursue in our future work. An
essential one is a more complete analysis of the class of contracts that we introduced in
this paper. More precisely, study more thoroughly the advantages and disadvantages
of the linear pricing scheme over the other type of contracts such as the Buy Back or
the Quantity Flexibility contract. We are also currently working on a more exhaustive
model for the supplier, in a multi-period setting, that studies its optimal capacity
management in the presence of a spot market. One issue that we have not fully
addressed is the supply lead-time. We are aware that the impact of different lead-
times of the long-term supplier and the spot market may tend to increase or decrease
the importance of a spot market. To be able to quantify this, we plan to extend
our model accordingly. To incorporate additional realism, as most retailers deal with
a great number of components and suppliers, we would like to derive solutions for
a multiple supplier/multiple components setting and see how robust the solution we
obtained for the 1-supplier/1-component case is. A further extension of the last point
would be to investigate multiple tiers of suppliers and see how the interactions and
interconnections between different layers of the supply chain affect the overall supply

chain performance and costs.
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