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Abstract

The norm for estimating differentiated product demand with aggregate-level data is the BLP
(1995) model. However, the estimation process BLP suggest requires a nested contraction map-
ping, which can make the process complicated and time-consuming. In this paper, we propose
an alternative estimation routine that avoids the nested contraction mapping. This routine
relies on a linear approximation to the market share function. Thus, we call it Approximate
BLP (ABLP). If ABLP is performed once, it provides an approximation to the BLP estimate.
However, if the ABLP procedure is iterated to convergence, it provides estimates identical to
the BLP estimate. Therefore, converged ABLP can be interpreted as a new computational al-
gorithm for the BLP estimation. We show in Monte Carlo experiments that converged ABLP
is faster than other computational algorithms, especially in datasets with a large number of
products or markets: ABLP is typically faster than BLP because ABLP avoids a contraction
mapping. Moreover, ABLP is typically faster than Mathematical Programming with Equilib-
rium Constraints (MPEC) because the dimension of the space of unknown variables is smaller
for ABLP. Therefore, ABLP is potentially useful to empirical researchers who study problems

that involve large datasets.

1 Introduction

In the estimation of differentiated product demand with aggregate-level data, Berry, Levinsohn,
and Pakes (1995), hereafter BLP, have been widely used and become a gold standard. The model
deals with the endogeneity of prices in a random coefficients logit model, which has flexible sub-

stitution patterns and can produce realistic demand elasticities. On the other hand, there is no
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analytic solution to invert unobserved product characteristics, which are needed to form the BLP
moment condition. To solve this problem, BLP suggest a nested fixed point (NFP) algorithm that
numerically inverts unobserved product characteristics for each conjectured parameter value using
a proposed contraction mapping. This nested algorithm can be time-consuming, as the recent
literature shows (e.g., Dube, Fox, and Su 2009; and Kalouptsidi 2010).

Dube, Fox, and Su (2009), hereafter DFS, propose a new computational algorithm, which is
called Mathematical Programs with Equilibrium Constraints (MPEC), that eliminates the nested
algorithm entirely. Instead, they add a system of market share equations as a constraint in their
optimization problem. This algorithm is potentially faster than the BLP method because the rate
of local convergence of MPEC is higher than that of the BLP method. Moreover, the MPEC
approach can be applied to several settings (e.g., single-agent dynamic discrete-choice models or
dynamic games). The MPEC approach, however, is a large-scale problem, especially in a random
coefficients logit model: the number of unknown variables is the number of both parameters and
unobserved product characteristics, which grows with the number of products and markets. Large-
scale problems can be time-consuming, but DFS show that MPEC is generally faster than the BLP
method.

Petrin and Train (2010) propose a control function technique. They assume on the supply side
that price is a linear function of own observed and unobserved product characteristics. The control
variable is the residual of the price equation. The assumption on the pricing equation implies
that price is the sum of the marginal cost and a fized markup (Park and Gupta 2009); in other
words, the price of one product is not affected by prices and characteristics of other products in
the same market. This implication seems unlikely to hold for many industries. However, Kim
and Petrin (2010) relax the assumption on the pricing equation and deal with non-separability
between observed and unobserved factors in demand, cases for which the Berry (1994) correction
may not work. Nonetheless, their identifying assumption may be too strong: the residual of the
price equation is correlated with unobserved product characteristics, but both the residual and
unobserved product characteristic are independent of instrumental variables.

Kalouptsidi (2010) assumes consumer tastes for products are drawn from a discrete distribution
and finds a duality between consumer types and product market shares. This duality enables us to
transform the system of market share equations to an equivalent system of consumer type equations
we can solve for some new consumer unobservables. In a market with a large number of products
and a small number of consumer types, computations in the dual domain can be faster. On the
other hand, in markets with more consumer types than products, the dual method may lose its
computational advantages.

In this paper, we propose a new computational approach for estimating the BLP model. We call
this method Approximate BLP, henceforth ABLP. ABLP (1) avoids the nested contraction map-
ping: ABLP uses a linear approximation to the market share function, which implies that, unlike

the BLP estimation approach, unobserved product characteristics can be inverted analytically;!

LOur MC results suggest ABLP is much quicker, though ABLP does require inversion of a matrix of dimension



(2) is a small-scale problem: unlike DFS, the number of unknown variables is fixed regardless of
the number of observations; (3) has no additional assumption on the supply side unlike Petrin and
Train (2010); and (4) keeps the type of consumer tastes continuous unlike Kalouptsidi (2010).

ABLP proceeds as follows. We conduct the ABLP inversion of unobserved product characteristic
using a linear approximation to the market share function. Then we search over parameter values
to minimize a GMM objective function identical to BLP’s. We can improve the estimate of ABLP
by iterating the procedure. If we do not iterate (or iterate a small number of times), ABLP can be
interpreted as a simple? and quick approximation to BLP estimation. Alternatively, if we iterate
until convergence, ABLP is a new computational method to the BLP estimation that is potentially
faster than the method defined above.

Aguirregabiria and Mira (2002) propose an iterative method in the single-agent dynamic model.
In general, the iterative approach in ABLP is similar to that in Aguirregabiria and Mira (2002)
with two main differences. First, they propose a nested pseudo-likelihood algorithm (NPL) for the
estimation of a class of discrete Markov decision models, but ABLP is a nested pseudo-GMM algo-
rithm for the estimation of random coefficients logit models. Second, NPL sequential estimators are
consistent if the conditional choice probability can be consistently estimated prior to estimation.
However, ABLP estimators, in the iterations before convergence, are not consistent because we can-
not find any consistent nonparametric estimator for unobserved product characteristics. However,
on convergence, the ABLP estimator is consistent because, as we show, in this case, the ABLP
estimator is numerically equivalent to the BLP estimator under some regularity conditions.

Su and Judd (2008) and DFS argue that iterative methods generally have lower rates of local
convergence than MPEC. In the random coefficients logit model, the ABLP algorithm turns out to
have a superlinear rate of local convergence. However, a faster theoretical rate of local convergence
does not necessarily imply lower computational time in a given setting. For example, the theoretical
result does not take into account the large-scale nature of the MPEC approach. In fact, we show
in MC experiments using the same setup as DFS that ABLP iterated until convergence is 3 to 10
times faster than MPEC.

This paper contributes to the literature on numerical methods for applied econometric models.
The BLP model is widely used for modeling aggregated discrete-choice data in empirical IO research,
but the estimation procedure in BLP can be computationally burdensome, especially when an
empirical researcher needs to estimate multiple specifications of a model (e.g., to check robustness,
or for model-selection purposes). Thus, finding computationally efficient ways of estimating these
models seems useful (e.g., Dube, Fox and Su 2009; Su and Judd 2008; Petrin and Train 2010; Park
and Gupta 2009; and Kalouptsidi 2010). Many procedures are optimal from particular theoretical
perspectives (e.g., rate of convergence) in the literature (e.g., Su and Judd 2008; and Dube, Fox, and

Su 2009), but these theoretical arguments do not imply that a numerical method with a fast rate of

equal to the number of products in a market.
2Programming wise, ABLP is essentially the same as the BLP estimation, replacing the contraction mapping with
a matrix inverse.



convergence will work faster than a method with a slow rate of convergence in any specific situation.
In some cases, an estimator has a special structure, such as linearity (or approximate linearity),
that can help one tailor computationally fast estimation procedures, which is exactly what the
ABLP estimation procedure, based on a linear approximation around the well-known logit model,
does. In at least the MC specifications we tried (based on DFS’s MC setup), the Converged ABLP
runs 3 to 10 times faster than MPEC. The K-step ABLP runs even faster, though the estimator
has approximation error. As in any Monte-Carlo study, our results are subject to the caveat that
many other possible specifications exist, and predicting how ABLP would do in those is difficult.
However, ABLP presumably will do worse for models that are "further" from the logit model.

We organize the remainder of the paper as follows. In section 2, we discuss the BLP model and
moment conditions. Section 3 presents both the BLP and MPEC algorithm. Section 4 provides
an explanation of the ABLP algorithm. Section 5 shows Monte-Carlo experiments for the relative

performances of the ABLP and MPEC algorithms. We conclude in section 6.

2 BLP Model®

Following BLP (1995) and Nevo (2000), in each market! ¢t = 1,...,T, where T > 1, the utility of

purchasing product j = 1,...,J of consumer ¢ = 1,..., [ is

Uit = XjtB; + & + €ijt (1)

Uiot = e¢io¢ for outside good,

where X, is a K-dimensional vector of product- and market-varying attributes (including a constant
and price that is typically interpreted as endogenous), 3, is the preference of individual i for observed
product attributes, ;, is the unobserved product characteristic or demand shocks, and &;j; is an
extreme value deviate that is i.i.d. across agents, choices, and time periods.

Under the assumption that ;;; is drawn from the type I extreme value distribution, the prob-

ability of consumer ¢ in market ¢ purchasing product j is given by

exp (thﬁi + fjt)

S(Xtaéngz): )
! ! 1+ Z}-jlzl exp (Xjref; + &jrt)

(2)

where X; = (X{;,...., X%)", & = (€14, €5y)', and the random coefficients, 3;, are drawn from
a cumulative density function, 5; ~ F'(f;;6) where 6 is the parameter (means and standard de-

viations) that determines the distribution of random coefficients, F' (/3,;60). The predicted market

3In this paper, we consider a panel setting just for generality. ABLP can be used in the original BLP setting,
which is purely cross sectional (7' = 1).
4Market means different regions or times.



share of product j is then

exp (thﬁi + §jt)
(X, €,:0) = dF (5;;0).
Bt = [ s T 5

Often this integral needs to be simulated, for example,

exp (X;i8; + ;1)
i (Xt,84:0,1) ’ 3
8]( t5 &4 121+Z, 1exp( j’t/Bi—i_gj/t) Y

where [ is the number of simulated individuals in each market.
Define s (X, &,;0) = (s1 (X4, &430) ..., 57 (X4, €43 0)) . For simplicity of notation, we rewrite s (X, £;;0)

as s (&;0) from now on.

2.1 BLP Moment Condition

The BLP estimator utilizes the following population moment condition:

Elgjt (0)] = 0 where g;¢ (0) = ;¢ (0) 25 (4)

characteristic for a parameter 6. £, () is obtained by the inverse mapping, &, () = s~ (S;,0),

are the D-dimensional instrumental variables for prices, and £, (¢) is the unobserved product

from the market share equations, S; = s(&;;6) where S; is the (J x 1) vector of observed market
shares at market ¢ and &, (0) = (&1, (0),...,& 5, (0))".
Define g; (0) = & Z}]:1 E [gj+ (0)] . Then the population criterion function is

Q0)=9g,(0)Wg,(0),

where W is a weight matrix.

Note that the sample analog to the population moment is
Gy (0) = 0)2, =~ 2'¢(0 5
gJT()—sz:zt:fjt(>zjt—” £(0), (5)

where £ (0) = (£, (0)',....&p (9)')’ is the (JT x 1) vector of unobserved product characteristics for
a parameter, 0, and Z is the (JT x D) matrix of instrumental variables. We can write the sample

analogue of the population criterion function as

1
JT

~

2
Qur (6) = Gz (0) Wordyr <e>=( ) £(0) ZWr2'€ (0) (6)

over # € © and /W]T —p W. Here we assume that a unique true parameter, 6y € int (©) exists such
that 6y = argmin @ (0) .



3 Computational Algorithm

Now we can estimate the parameter, 6, once we obtain the inverse mapping, &, (0) = s~ (S, 0).
Generally the inverse mapping, &, (f), does not have an analytic solution, which has stimulated
interest in how to compute £ or how to estimate & and 6 at the same time. Among all methods, we

will explain three solutions to the problem in the following.

3.1 BLP Algorithm

The BLP algorithm is a nested fixed point algorithm in the random coefficients logit model. The
BLP algorithm has two layers:

[ Inner loop | BLP numerically invert out &, () using the following contraction mapping:
¢ = H_1+1n5’t—lns<§fl_l;0) (7)

for a given # as H — oo, where H denotes the index of iterations: ¢21F (0) = £°. In practice, we
use a tolerance level for the discrepancy between 55 and §fl -1

[ Outer loop | The BLP minimization problem is
min g7 (0) Wirg e (6). (8)

where g7 (0) = 1 2/¢PLP (9).

The BLP estimator is defined as the parameter, 6, with the lowest value of the BLP GMM
objective function among the local roots of the first-order condition of the BLP minimization in
(8).

In sum, the outer loop searches over the parameter space to minimize the GMM objective func-
tion in (8). In the inner loop, a contraction mapping exists for unobserved product characteristic,
€, for each conjectured value of parameter, §. This inner loop is time-consuming,® which motivated
the development of other alternative estimation methods or computational algorithms. In the next

subsection, we will look at the MPEC approach as a well-known alternative to the BLP algorithm.

3.2 MPEC Algorithm®

Mathematical Programs with Equilibrium Constraints (MPEC) is an optimization problem with
the equilibrium or complementary constraints (Luo, Pang, and Ralph 1996). Su and Judd (2008)
first apply MPEC in estimating structural models in economics. Dube, Fox, and Su (2009) use it

in BLP random coefficients logit models.

’In some Monte Carlo experiments, BLP contraction mapping, given a set of parameters, does not seem to satisfy
the tight stopping criterion (10714) , which DFS suggest.
®The explanation of MPEC in BLP estimation is mainly extracted from Dube, Fox, and Su (2009).



The DFS constrained minimization problem is

I;Ii? Gyr (€)' Wyrg r (6) (9)

s.t. S =s(&0),

where g ;7 (£) = %Z’f; S = (8),...,5%) is a (JT x 1) vector of observed market shares, and
s(&0) = (s(€;0) ..., s (s 9)/)/ isa (JT x 1) vector of market share functions. MPEC introduces
the market share equations as nonlinear constraints to the optimization problem. They optimize
over both the unobserved product characteristic, £, and the parameter, 8. DFS show the equivalence
of both BLP and MPEC methods. MPEC approach has a quadratic local convergence rate (Luo,
Pang, and Ralph 1996).

We can solve the constrained optimization problem defined above using a modern nonlinear
optimization package researchers in numerical optimization developed. DFS use KNITRO in their
Monte Carlo simulation. Although the MPEC algorithm has a quadratic rate of local convergence,
it has one disadvantage that can slow down its computational speed: many unknown variables
in its optimization problems. For example, with J = 25 products and 7' = 200 markets,” it has
5,000 unobserved product characteristics, {;, as unknown variables. As the number of observations
grows, MPEC becomes a larger-scale problem that might be hard to deal with and time-consuming.

The section on Monte-Carlo experiments tests this conjecture.

4 ABLP Algorithm

4.1 ABLP Inversion

We take a different approach from DF'S to avoid the time-consuming contraction mapping. Instead,
we use a first-order approximation to the market share function. The advantage of approximation
is that we can easily invert out ,, the unobserved product characteristic in market ¢, using the
analytic solution in (11) (which requires matrix inversions).

The first-order approximation of the log market share function, In s (§,;; ), around a point of

approximation, & ?, is®

(91113(5?;0)

Ins (§;0) %lns(é’?;@) + o¢!
t

(gt _52)7

where ~ denotes the first-order Taylor series expansion, Ins = (In sy, ...,In s )", 8812,5 = <%23 e %gs> ,
t t t

& = (Epy -, €gy), and &) = (€9, ...,5?”)/. Let Ins? (£,;0) denote the first-order approximation of

"Here markets mean "regions" and "times". Marketing has many long panel datasets with weekly time series.
They define regional market at the level of states, census tracts, or ZIP codes.
8 Alternatively, we can take the first-order approximation to the market share function s (&;9) -



the log market share function:

61113(5?;0)

1n3A(§t;0)zlns(§$;0)+ o]

(& —¢€). (10)
Instead of using the (exact) market share equations, InS; = Ins(&;;0), we use the approximate

market share equations, In S; = In s4 (&;;6), to establish the following relationship:

-1

Olns (£36) [0S, — Ins (€2;0)] (11)

for t = 1,...,T. We call the mapping ®; (0, f?) the ABLP inversion of unobserved product charac-
teristic, &,, at market ¢ given 6 with a point of approximation, f?.

The ABLP inversion has a contrasting point with the BLP inversion. The ABLP inversion
is analytic: given 5? , we can easily calculate &, ((9,5?) for any parameter, 6. Thus the numerical
error in the BLP contraction mapping does not exist in the ABLP inversion. On the other hand,
the ABLP inversion has a first-order approximation error. However, this approximation error will
disappear when we iterate the K-step ABLP estimator in subsection 4.3 until convergence.

We have two natural choices to find the initial point of approximation, £° = ( (1)', - 9/),: one is
zero vector and the other is the estimated unobserved product characteristics from a logit model.
If variation of the true & is very small, zero vector seems a good candidate for ¢°. Otherwise, we
can use the estimated E from a logit model for £°. However, we cannot tell the amount of variation
of £ in advance, that is, prior to estimation.

Our preferred solution to this issue of finding £ is to generate an arbitrary vector of unobserved
product characteristic using the BLP contraction mapping just once. The procedure is as follows.
First, posit a specific parameter, #°. Then, find the corresponding £° using the BLP contraction
mapping, ie. ¢° = ¢BLP (00). With this procedure, we can find any arbitrary initial point of
approximation for ABLP. In other words, if we have a good conjecture of parameter, we can also

obtain a good set of unobserved product characteristics.

4.2 ABLP Estimation

The ABLP minimization problem starts with an initial point of approximation, £°, for the unob-

served product characteristics. Then we can obtain a GMM estimate of 6 as

6" = argmin @ (0,£%) ZW,p2'® (,¢°) (12)
0cO
where .
0. -
, (0,69) = £0 + [aln‘;(;t’e)] InS; — Ins (€9%6)] (13)
t



for t = 1,.., T and ® (6,6%) = (@1 (6,6, @7 (9,50)’)'.

We can obtain the estimate of parameters from the GMM estimation with the analytic ABLP
inversion of unobserved product characteristic as described above. We name the solution of the
ABLP minimization problem the (one-step) ABLP estimator. The accuracy of the ABLP estimate
hinges on that of the initial unobserved product characteristic, £°. The closer the point of approx-
imation, £°, is to the true one, the more accurate an estimate of parameter, §*, we can get. From
this idea, we can naturally think of an iterative approach to obtain a better point of approximation
and, as a result, a better estimate. In the next subsection, we introduce an iterative method with
which we can obtain the BLP estimate from the ABLP algorithm.

4.3 K-step ABLP Estimation and ABLP mapping

The steps of iteration are as follows. First, we can obtain the estimate of parameter, 6%, from
the first estimation with the initial point of approximation, £°. Second, we update the point of
approximation for unobserved product characteristics with the mapping ¢! = ® (01, 50), using the
estimate 0! from the first iteration. Then we can repeat the same procedure several times until the
estimate or the unobserved product characteristics converge. The details are the following.

The ABLP algorithm starts with an initial point of approximation, £°, for the unobserved

product characteristics. At each iteration K > 1, we take the following two stages:

[0 Stage 1 [ ABLP Minimization (6) ]: Obtain a new GMM estimate 6% as

0% =T (¢5°1) = argmin ® (0,651 ZW;r2'® (0,571, (14)
0cO

where

-1

oins (& 110) [y s (617156)] "

0}

@ (0.657) =l +

fort=1,...,T.
O Stage 2 [ ABLP Updating (¢) ]: Update £ using 8% of stage 1, that is,

R =0 (98,571 (16)

We assume that, given fK -1 gk uniquely solve equation (14). By the theorem of the maxi-
mum,” I' : £ — O is also continuously differentiable in ¢&. For each 6, ® (6,£) maps the space of

unobserved product characteristics into itself. We call the solution 6% the K-step ABLP estimator.

%5 (&,;0) is continuous in (&,,0), so ®; (,¢,) is also continuous. Therefore, the GMM objective function in (14) is
continuous. By theorem of maximum, if the objective function is continuous and if the domain © is compact, then
the maximum-value function and the solution function are continuous.



For convenience sake, define the ABLP mapping as both (1) the solution function of the ABLP
minimization, 6% =T (fK_l), and (2) the ABLP updating function, X = & (GK,fK_l). Now we
are interested in what the limit of the K-step ABLP estimator is, as K goes to infinity. If the limit
exists, its candidate is a fixed point of the ABLP mapping. Fixed points of the ABLP mapping
provide key reference points for the characterization of the ABLP mapping. A fixed point of the
ABLP mapping is defined as follows.

Definition 1 A fized point of the ABLP mapping is a pair (0*,£*) such that

0* =T (&) and £ = & (6*,¢%).

Multiple fixed points could exist in the ABLP mapping. Denote the set of fixed points of the
ABLP mapping by T' = {(6*,£") |0* =T (¢*) and £ = ®(0*,£")}. Among all fixed points of the
ABLP mapping, we are interested in a fixed point with the lowest value of the GMM objected

function, which is defined as follows.
Definition 2 The Converged ABLP estimator is the parameter 0 such that

7 : x o\ 7117 / * ex
(9,5) =arg min @ (0°,€) ZWyrZ'® (0,6

The following lemma shows a local property of a fixed point of the ABLP mapping.

Lemma 1 For any fized point (0*,£%), %;’5*) =0.

Proof. All proofs are in the appendix. m

Lemma 1 implies that at a fixed point of the ABLP mapping, (1) updating the unobserved
product characteristic £ (i.e., £ = ®(0,&)) and (2) minimizing the GMM objective function in (14)
is impossible. These features are key properties of the ABLP mapping: it leads to the equivalence
between the Converged ABLP estimator and the BLP estimator, and the local convergence property
of the K-step ABLP estimator.

Proving the equivalence between the Converged ABLP estimator and the BLP estimator requires
three steps. In the first step, we compare the first-order condition of the BLP minimization with
the first-order condition of the ABLP minimization with no updating of &, and show they are
equivalent. This result implies that the set of the local root of the first-order condition of the BLP
minimization is identical to the set of fixed points of the ABLP minimization with no updating

of €19 In the second step, we show that for any pair (£°,6°) that is both a local root of the

10T he set of fixed points of the ABLP minimization with no updating of & includes the set of fixed points of the
ABLP mapping. Although the former set includes local maxima, minima, and saddle points, the latter set includes
only local minima. In the same way, the set of local roots of the FOC of the BLP minimization includes the set of
the solution of the BLP minimization. The former set includes local maxima, minima, and saddle points, whereas
the latter set includes local minima.

10



BLP minimization and a fixed point of the ABLP mapping, the value of the GMM objective
function in the BLP minimization is equal to the value of the GMM objective function in the
ABLP minimization. Finally, in the third step, according to the definition of the BLP estimator
and the Converged ABLP estimator, we find they are identical. The details are in the proof of the

following proposition.
Proposition 1 The Converged ABLP estimator and the BLP estimator are numerically equivalent.
Proof. All proofs are in the appendix. m

Proposition 1 shows the Converged ABLP estimator and the BLP estimator are the same
statistical estimator. Therefore, the asymptotics of the Converged ABLP estimator follows that of
the BLP estimator: the Converged ABLP estimator is consistent and asymptotically normal.

Now the remaining thing to be done is finding the Converged ABLP estimator, which we
conjecture is possible to obtain, if we iterate the K-step ABLP estimator until convergence. In the
next subsection, we examine the local convergence of the K-step ABLP estimator to the Converged
ABLP estimator.

4.4 Local Convergence of K-step ABLP Estimator

Now we want to know whether the K-step ABLP estimator locally converges to the Converged
ABLP estimator as K — oo and whether the Converged ABLP estimator is asymptotically stable.
By the Hartman-Grobman theorem, the characterization of the local behavior of the ABLP mapping
in a neighborhood of its fixed point can be obtained by the local behavior of its linearization under
some regularity conditions.

Consider a nonlinear system xi,1=f(x;) where f: R" — R" is a continuously differen-
tiable single-value function. Suppose a fixed point x* exists such that x*= f (x*). The function
xg+1= f (x) can be approximated around the fixed point x*. Let x; = x*+n,,. A Taylor expansion

around x* yields
X4 = £ (X y) = £ (1) + VE (x) me+O (mf?)

where O (|nk|2> denotes terms of second and higher order in the deviation n;. For small enough
.|, we have the linearized map 1, ;= Vf (x*) 1. The maximum of the absolute of eigenvalues
of the Jacobian matrix Vf (x*) is called the spectral radius of V f (x*), denoted by o (x*) . If o (x*)
is less than 1, the fixed point x* is asymptotically stable (Ch.4 in Galor 2007 and Ch.1 in Wiggins
1997). We apply the above stability theory to the ABLP mapping and prove its local stability and
rate of local convergence.

Now let’s look at the ABLP mapping, which consists of the solution function of the ABLP
minimization, 6% =T (§K71), and the updating function, £¥ = @ (QK,fK*I). Let (5,2) be the

Converged ABLP estimator.!! Let ||-|| denote the Euclidian norm. The Taylor series expansion to

"1n the exactly-identified model, (§*,£*) can be any fixed point of the ABLP map for the proof of Proposition 2.

11



the ABLP mapping around (5, E) gives

R T R e R (R R (O

oo’ o¢’
— eee = B i) vofer ) ol

because ® (5, 2) = E by the definition of a fixed point, and g—g = 0 by Lemma 1. The remaining

thing to do is check the relationship between #% — 6§ and S /f\

Proposition 2 Suppose I' : = — © is a continuously differentiable single-value function in a
neighborhood of 2 For iteration K = 1,2, ...
In the exactly-identified model,

~ 112
¢ -t=0 (HfK—l = ) :
and in the over-identified model,

¢ -¢=0, ()2

gt -g)+o <H£K‘1 —Z(f) .

Proof. All proofs are in the appendix. m

Proposition 2 establishes the local convergence of the K-step ABLP estimator under some regu-
larity conditions: as K — oo, the K-step ABLP estimator, 8%, locally converges to the Converged
ABLP estimator, 5, at a superlinear rate of convergence, and the Converged ABLP estimator is
asymptotically stable. The result in Proposition 2 is intuitive in a sense that the updating function
of the ABLP mapping has a form of Newton update.

The Converged ABLP estimator is one of the fixed points of the ABLP mapping. That is, the
K-step ABLP estimator could converge to some fixed points of the ABLP mapping, and the fixed
point with the lowest value of the GMM objective function in the ABLP minimization becomes
the Converged ABLP estimator. This procedure is exactly analogous to the local minima in the
BLP estimation (as well as in the MPEC estimation). We can find several local minima in the BLP
minimization, and the local minimum with the lowest value of the GMM objective function in the

BLP minimization is the BLP estimator.

4.5 Features of ABLP Algorithm

The ABLP algorithm contrasts with the BLP algorithm. The BLP estimator is the nested fixed
point (NFP) estimator in random coefficients logit models: they have to first find the unobserved
product characteristics for each conjectured value of parameter and then search for the parameter
that best minimizes the GMM objective function in (8). In contrast, the ABLP estimator is the

12



nested pseudo-GMM (NPGMM) estimator in random coefficients logit models: we first search
for the parameter that best satisfies the moment condition given the point of approximation of
the unobserved product characteristic. Then we update the point of approximation and estimate
the parameter again. A trade-off exists between the ABLP algorithm and BLP algorithm: the
BLP algorithm spends time on its contraction mapping given a specific parameter, but the ABLP
algorithm takes time for parameter search given specific unobserved product characteristics.

The ABLP algorithm could be faster than other methods for several reasons. First, the matrix
inversion in the ABLP inversion and multiple parameter searches may be faster than the BLP
contraction mapping and one-time parameter search. Second, ABLP could be faster than MPEC
because ABLP remains a small-scale problem, whereas MPEC becomes a larger-scale problem as
we add more markets or products. In the next section, we can see the relative performance of the
ABLP and MPEC algorithm.

Moreover, the ABLP algorithm has an advantage in over-identified models. When doing GMM
estimation, one typically wants to do two-steps of GMM estimation for efficiency (i.e., with optimal
weight matrix). Since we can update the weight matrix in each step ABLP estimation, we can
obtain the optimal matrix for free. In practice, we update the weight matrix when the ABLP
algorithm checks the convergence. For example, in Figure 1, the ABLP algorithm checks the
convergence from the fourth iteration. We can update the weight matrix from the fifth iteration
and get the optimal matrix and the efficient estimator on convergence. In this sense, if we want to

obtain the efficient estimator, the ABLP algorithm can save more computational time.

5 Monte Carlo Experiments

In this section, we use various synthetic datasets to compare the speed of the ABLP algorithm
with that of the MPEC algorithm. (Hereafter, we use the term ABLP [MPEC or BLP] instead of
the ABLP [MPEC or BLP] algorithm for simplicity, if there is no confusion.) We follow the same
data-generating process as in DFS. Note that DF'S compare MPEC to BLP and find MPEC is 1.3
to 5 times faster than BLP. Therefore, we compare ABLP only with MPEC. We test the speed of
each algorithm by altering some features, such as the level of mean intercept E [5?], the number

of markets T', the number of products .J, and the variance of the random coefficients.

5.1 Data-generating Process!?

The (base) data-generating process for Monte-Carlo experiments is as follows.
Uijt = XjBi + &1 +€ijt,  Uiot = Eiot,

fori=1,...,1, j=1,..J, t =1,..., T, where there are 50 markets (7") and the same 25 products (J)

in each market. Let Xj; = {1, 21,22, x;3,pjt} . Observed product characteristics {z;1, 2, z;3}

12For more details, please, refer to subsections 6.2 and 7.2 in Dube, Fox, and Su (2009).
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follow multivariate normal distribution with zero means and the covariance matrix:

1 -0.8 0.3
-08 1 0.3
03 03 1

Unobserved product characteristic, §j;, is distributed i.i.d. standard normal, N (0,1). Finally, price
is generated as follows:
pjt =3 + Ejt -1.5 + th + Zi:l kajt;

where uj; follows a uniform distribution U0, 5].

Denote consumer preference by 3, = {6?, il, 2 g’, By }, each distributed independently nor-
mal: F[3,] = {1,1.5,1.5,0.5, -3} and Var[35,] = {0.5,0.5,0.5,0.5,0.2} . We use the same I = 100
individuals both in the data-generating process and in estimation. The same set of J products

exists in each market, so the only variation is due to prices, which vary by market.

5.2 Speed Comparison of Converged ABLP and MPEC

In our Monte Carlo experiments, we use "ABLP with Concentration on Nonlinear Parameter" in
the Appendix C, which has the same properties as ABLP and computes quickly because we can
concentrate out the linear parameters. However, in MPEC, the concentration may be insignificant
because J is not a function of nonlinear parameter during parameter search.

For MPEC, we use DFS’s original Matlab code, which we can download from Su’s website.!3 As
DFS do, we use Tomlab interface to run KNITRO in Matlab program. For ABLP, we use Matlab
programming and its optimization function "fmincon"."* DFS use an interior-point algorithm in
KNITRO and we also use the same algorithm in fmincon. For the convergence criterion, ABLP
uses 1076 for both the update of unobserved product characteristics and the change in the value
of the objective function in each iteration. MPEC uses 10~° for the constraint of the market share
equations and the optimality condition of its objective function, or the change in the value of the
objective function in each run if it doesn’t satisfy the optimality condition. For a fair comparison
with MPEC, we run ABLP until convergence and use the same starting points for both ABLP and
MPEC. For each experiment, we use 80 different datasets and five starting points in each dataset.

In our first experiment in Table 1, we manipulate the level of mean intercept, F [ﬁ?] . DFS find

the Lipschitz constant,'® affects the speed of BLP and increases as the level of mean intercept gets

"Here is the link: http://faculty.chicagobooth.edu/jean-pierre.dube/vita/MPEC%20code.htm.
"We can use "fminunc" instead of "fmincon": "fminunc" seems faster than "fmincon", but it sometimes has an

. . . . 9lnsS(e¥~L .
operational problem. The ABLP algorithm calculates the inverse of the matrix % when it searches over

parameters. The matrix is rarely not invertible with some parameters. (The BLP algorithm has a similar problem
with calculating the gradient of its objective function.) In this case, "fminunc" stops during an optimization run, so
we cannot handle it directly. However, "fmincon" can handle the problem by itself by searching nearby feasible sets
of parameters. For this reason, we use "fmincon" for convenience and stability at the cost of some speed advantages.

'5In BLP approach, the Lipschitz constant measures the rate of convergence of the contraction mapping. As it
gets close to 1, the contraction mapping converges slowly (Dube, Fox, and Su 2009).
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bigger. In general, ABLP is faster than MPEC by 3 to 5 times. ABLP slows by 50 percent from
E [,B?] = —1 to 2. But MPEC gets a little faster and then seems to be stable as the Lipschitz
constant grows. This result implies that ABLP seems to be monotonically affected by the Lipschitz
constant.

In the second experiment, we change the number of markets, T, and check the relative perfor-
mance of ABLP and MPEC. DFS argue the Lipschitz constant grows as we include more markets
in a dataset. In that sense, this experiment is similar to the first one but different in that we can
additionally test the problem of MPEC with scale. In MPEC, the unobserved product characteris-
tics, &, are unknown variables to find. Thus, as we have more observations, such as more products
and markets, MPEC has more unknown variables. For example, with J = 25 products and 7" = 200
markets, MPEC has at least 5,000 unknown variables except parameters. Table 2 has four cases
with T = 25,50,100, and 200. With 7" = 25, ABLP is faster than MPEC by 3 times. This gap,
however, widens as the number of markets, T, increases. With 7" = 200, ABLP is 10 times faster
than MPEC. This result shows that MPEC, a large-scale problem, slows as the number of markets
increases. !

In the third experiment, we change the number of products, J. The ABLP inversion requires a
matrix inverse in each market at each conjectured value of 6 (see equation [11]). The dimension of
the matrix inverse is J x J. Thus, as J increases, the cost of the inversion increases much more. To
know the amount of this computing cost, we test different values of J in the experiment. In general,
ABLP is faster than MPEC in this experiment. The time cost of ABLP increases by around 8 times
from J = 25 to J = 100, whereas that of MPEC increases by about 29 times. This result implies
the time cost of the ABLP inversion is less than that of the MPEC large-scale problem in this
example.

Finally, we test the time cost of the ABLP inversion with respect to linear approximation of the
market share function. In the logit model, the unobserved product characteristics are linear in the
log of the market share function. Hence we expect the linear approximation to perform well with
small variance of random coefficients. In the fourth experiment, we change the variance of random
coefficients and check the computing time of ABLP and MPEC by multiplying Var [3;] by 0.5, 1,

and 2. Unlike what we expect, the level of variances of random coefficients may not affect ABLP.

5.3 Performance of the K-step ABLP Estimator

Figure 1 shows the performance of the K-step ABLP estimator at each iteration in a Monte Carlo
experiment. We measure the root mean-squared error (RMSE) between the true own price elasticity
and the estimated elasticity. ABLP converges with six iterations in this experiment. After three

iterations, no change seems to occur in RMSE at a significant level. In other words, RMSE improves

With J = 25 and T = 200, we have 5,000 observations. However, this is not an extreme case. Many researchers
use more observations in their researches. For example, Nevo (2001) uses 27, 862 observations, and Davis (2006) uses
20,008 observations. Moreover, many panel datasets in marketing have much more observations than these numbers
because they include weekly sales and prices of many products in many small regional markets such as zipcode-level
markets in the US.
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quickly in the early iterations and then checks its convergence in the later iterations. Thus, this
result implies that we could get a good estimate of parameter quickly even though we iterate ABLP
only a few times.

Now let’s look at the performance of the K-step ABLP estimator when K = 2. To mea-
sure how close the K-step ABLP estimator is to the Converged ABLP estimator, we use the
mean absolute error (MAE) of the own price elasticities per each dataset: Let ej; and €j; de-
note the Converged ABLP and the K-step ABLP own price elasticity of product j at market
t, respectively. The (normalized) MAE of the own price elasticity (per dataset) is calculated by
MAE,;, = J% Zj > ‘ (é}t — ejt) /ejt|, where ds is the index of dataset. The MAE in a table is the

simple average of MAE’s across 80 datasets: M AEcqn = 1/80 222:1 MAE;. We find in Table 5

to 8 that the 2-step ABLP estimator performs well: we can save the computational time by 30 to

50% using the 2-step ABLP estimator instead of using the Converged ABLP estimator, whereas
the MAE is less than 1% in each case. This result implies we can save a large amount of time
at the expense of a very small amount of accuracy using the K-step ABLP estimator. Thus, the
K-step ABLP estimator, which is an even quicker approximation, may be particularly useful when

running many specifications, e.g. for robustness checks.

6 Conclusion

In this paper, we propose a new computational algorithm, ABLP, for the random coefficients logit
model. ABLP avoids the nested BLP contraction mapping and appears to save computational
time. The ABLP inversion of unobserved product characteristic relies on an approximation to the
market share function. However, we show that if we iterate the K-step ABLP estimator until con-
vergence, the ABLP estimation exactly replicates the BLP estimation because the approximation
error vanishes on convergence. In addition, we show the K-step ABLP estimator locally converges
to the Converged ABLP estimator.

To measure the speed improvement of the ABLP algorithm, we conduct Monte Carlo exper-
iments to investigate the relative performance of ABLP and MPEC. In DFS, MPEC was shown
to be 1.3 to 5 times faster than the BLP algorithm. In general, ABLP appears to be faster than
MPEC by 3 to10 times. The speed advantage of ABLP is highest with a large number of products or
markets. ABLP is presumably faster than MPEC because ABLP is a small-scale problem, whereas
MPEC is a large-scale problem. In addition, ABLP appears to be faster than the BLP algorithm
because ABLP avoids a contraction mapping. Therefore, ABLP is potentially useful to empirical

researchers who study problems that involve large datasets.

16



References

[1]

Ackerberg, D., J. Geweke, and J. Hahn (2009): “Comments on “Convergence Properties of
the Likelihood of Computed Dynamic Models,” Econometrica, 77, 2009-2017.

Aguirregabiria, V. and P. Mira (2002): “Swapping The Nested Fixed Point Algorithm: A Class
of Estimators for Discrete Markov Decision Models,” Econometrica, 70, 1519-1543.

Aguirregabiria, V. and P. Mira (2007): “Sequential Estimation of Dynamic Discrete Games,”

Econometrica, 75, 1-53.

Bajari, P., J. T. Fox, K.-I. Kim and S. P. Ryan (2009): “The Random Coefficients Logit Model
Is Identified,” Working Paper, University of Chicago.

Berry, S. (1994): “Estimating Discrete-Choice Models of Product Differentiation,” RAND
Journal of Economics, 25(2), 242-262.

Berry, S., J. Levinsohn, and A. Pakes (1995): “Automobile Prices in Market Equilibrium,”
Econometrica, 63(4), 841-890.

Berry, S., O. B. Linton, and A. Pakes (2004): “Limit Theorems for Estimating the Parameters
of Differentiated Product Demand Systems,” Review of Economic Studies, 71(3), 613-654.

Davis, P. (2006): “Spatial Competition in Retail Markets: Movie Theaters,” RAND Journal
of Economics, 37(4), 964-982.

Dub e, J. P, J. T. Fox, C. L. Su (2009): “Improving the Numerical Performance of BLP
Static and Dynamic Discrete Choice Random Coe cients Demand Estimation,” Working paper,

University of Chicago.
Galor, O. (2007): Discrete Dynamical Systems. Springer, Berlin.

Gandhi, A. (2008): “On the Nonparametric Foundations of Product Differentiated Demand

Systems,” Working Paper, University of Wisconsin-Madison.

Kalouptsidi (2010): “From Market Shares to Consumer Types: Duality in Differentiated Prod-

uct Demand Estimation,” Journal of Applied Econometrics, forthcoming.

Kasahara, H. and K. Shimotsu (2008): “Pseudo-likelihood Estimation and Bootstrap Inference
for Structural Discrete Markov Decision Models”, Journal of Econometrics 146(1), 92-106.

Kasahara, H. and K. Shimotsu (2010): “Sequential Estimation of Structural Models with a

Fixed Point Constraint,” Working Paper, Queen’s University.

Kim, K. and M. Park (2010): “Approximation Error in the Nested Fixed Point Algorithm for
BLP Model Estimation,” Working Paper, University of Minnesota.

17



[16]

[17]

[18]

[29]

[30]

[31]

Kim, K. and A. Petrin (2010): “Control Function Corrections for Unobserved Factors in

Differentiated Product Models,” Working Paper, University of Minnesota.

Knittel, C. R. and K. Metaxoglou (2008): “Estimation of Random Coefficient Demand Models:
Challenges, Difficulties and Warnings,” Working Paper, U.C. Davis.

Luo, Z., J. Pang, and D. Ralph (1996): Mathematical Programs with Equilibrium Constraints.
Cambridge University Press.

Nevo, A. (2000): “A Practitioner’s Guide to Estimation of Random Coefficients Logit Models
of Demand,” Journal of Economics and Management Strategy, 9(4), 513-548.

Nevo, A. (2001): “Measuring Market Power in the Ready-to-Eat Cereal Industry,” Economet-
rica, 69(2), 307-342.

Nocedal, J. and S. J. Wright (2006): Numerical Optimization. Springer, New York, NY.

Moon, R., M. Shum, and M. Weidner (2010): “Estimation of Random Coefficients Logit
Demand Models with Interactive Fixed Effects,” Working Paper, California Institute of Tech-
nology.

Park, S. and S. Gupta (2009): “Simulated Maximum Likelihood Estimator for the Random
Coefficient Logit Model Using Aggregate Data,” Journal of Marketing Research, 46(4), 531
542.

Pesendorfer, M. and P. Schmidt-Dengler (2010): “Sequential Estimation of Dynamic Discrete
Games: A Comment,” Econometrica, 78(2), 833-842.

Petrin, A. and K. Train (2010): “Control Function Corrections for Omitted Attributes in
Differentiated Products Markets,” Journal of Marketing Research, 47(1), 3—13.

Rust, J. (1987): “Optimal Replacement of GMC Bus Engines: An Empirical Model of Harold
Zurcher,” Econometrica, 55(5), 999-1033.

Strogatz, S. (2001): Nonlinear Dynamics And Chaos. Westview Press.

Su, C.-L. and K. L. Judd (2008): “Constrained Optimization Approaches to Estimation of
Structural Models,” Working Paper, University of Chicago.

Waltz, R. A. and T. D. Plantenga (2009): KNITRO 6.0 Users’s Manual. Ziena Optimiza-

tion,Inc.

Wiggins, S. (1990): Introduction to Applied Nonlinear Dynamical Systems and Chaos.
Springer, New York, NY.

Zeidler, E. (1986): Nonlinear Functional Analysis and its Applications. Springer, New York,
NY.

18



Table 1. Time Costs Varying the Mean Intercept F [,6’?]

Mean Intercept | Implementation Time 1* | Time 2* | Iterations®
E [pY] (median) | (mean) | (median)
-1 Converged ABLP 16.9 19.5 5
MPEC 82.7 105.9
0 Converged ABLP 17.8 19.7 5
MPEC 74.6 99.3
1 Converged ABLP 20.9 23.2 5
MPEC 74.1 103.7
2 Converged ABLP 25.0 27.5 6
MPEC 72.9 102.0

* Time 1 & 2 : the CPU time (second) per starting point.

o The median of the numbers of iterations on convergence per starting point.

Table 2. Time Costs Varying the Number of Markets T'
# of Markets | Implementation Time 1* | Time 2* | Iterations®
(T) (median) | (mean) | (median)
25 Converged ABLP 10.5 11.6 5
MPEC 30.3 45.9

50 Converged ABLP 20.9 23.2 5
MPEC 74.1 103.7

100 Converged ABLP 51.2 54.7 6
MPEC 220.5 278.9

200 Converged ABLP 125.0 125.4 6
MPEC 1,295.9 | 1,357.7

* Time 1 & 2 : the CPU time (second) per starting point.

o The median of the numbers of iterations on convergence per starting point.
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Table 3. Time Costs Varying the Number of Products J

# of Products | Implementation Time 1* | Time 2* | Iterations®
(J) (median) | (mean) | (median)
25 Converged ABLP 20.9 23.2 5
MPEC 74.1 103.7
50 Converged ABLP 65.4 70.4 6
MPEC 219.0 300.4
100 Converged ABLP 174.3 182.6 7
MPEC 2,189.2 | 2,221.7

* Time 1 & 2 : the CPU time (second) per starting point.

o The median of the numbers of iterations on convergence per starting point.

Table 4. Time Costs Varying the Variance of Random Coefficients Var [5;]

Variance of Random Coeflicients | Implementation Time 1* | Time 2* | Iterations®
(level x Var[5;]) (median) | (mean) | (median)

0.5 Converged ABLP 20.6 22.4 5
MPEC 69.2 93.1

1 Converged ABLP 20.9 23.2 5
MPEC 74.1 103.7

2 Converged ABLP 23.0 26.3 7
MPEC 81.4 109.9

* Time 1 & 2 : the CPU time (second) per starting point.

o The median of the numbers of iterations on convergence per starting point.
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Figure 1: Movement of RMSE with Number of Iterations*
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* This result is from a dataset from the base data-generating process.

Table 5. Performance of the 2-step ABLP estimator Varying the Mean Intercept FE [B?]

Mean Intercept | 2-step ABLP* | Converged ABLP* | MAE®°
E[BY] (second) (second) (%)
-1 8.7 16.9 0.08
0 9.2 17.8 0.09
10.4 20.9 0.21
2 12.7 25.0 0.27

* The median of the CPU times per starting point

o Mean absolute error (MAE) is the average difference between the own price elasticities of the 2-step ABLP

and those of the Converged ABLP. It measures accuracy of the 2-step ABLP estimator.
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Table 6. Performance of the 2-step ABLP estimator Varying the Number of Markets T’

# of Markets | 2-step ABLP* | Converged ABLP* | MAE®
(T) (second) (second) (%)
25 5.6 10.5 0.14
50 104 20.9 0.21
100 32.1 51.2 0.33
200 77.2 125.0 0.11

* The median of the CPU times per starting point

o Mean absolute error (MAE) is the average difference between the own price elasticities of the 2-step ABLP
and those of the Converged ABLP. It measures accuracy of the 2-step ABLP estimator.

Table 7. Performance of the 2-step ABLP estimator Varying the Number of Products J

# of Products | 2-step ABLP* | Converged ABLP* | MAE®
(J) (second) (second) (%)
25 10.4 20.9 0.21
50 33.0 65.4 0.27
100 98.8 174.3 0.19

* The median of the CPU times per starting point
o Mean absolute error (MAE) is the average difference between the own price elasticities of the 2-step ABLP

and those of the Converged ABLP. It measures accuracy of the 2-step ABLP estimator.

Table 8. Performance of the 2-step ABLP estimator Varying the Variance of Random Coeffi-

cients
Variance of Random Coefficients | 2-step ABLP* | Converged ABLP* | MAE®
(level x Var[B3;]) (second) (second) (%)
0.5 12.5 20.6 0.50
104 20.9 0.21
2 10.3 23.0 0.89

* The median of the CPU times per starting point

o Mean absolute error (MAE) is the average difference between the own price elasticities of the 2-step ABLP
and those of the Converged ABLP. It measures accuracy of the 2-step ABLP estimator.
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7 Appendix A : ABLP Setting

The ABLP moment function is

E [gjt (07 5)] = 0 where gjt (07 5) = (b]t (07 E) Zjts

and ®j; (6,€) is the jt-th element of the mapping ®(6,£) with an abuse of notation. Define
g5(0,¢) = % E;-le E [gj¢ (60,€)] . Then the population criterion function is

Qo (97 5) =4y (07 5)/ W?J (07 5) )

where W is a weight matrix. We also write the sample analogue of the population criterion function

as
QJT (97 6) = /E\JT (05 §)I /W\JT/E\JT (05 6) )

where g ;7 (0,€) = = 2229 (0,8) 2 = +7'® (0,€) and Wir —p WL

With an abuse of notation, define I'g (§) = argming Qo (6,&), ¢¢ (§) = P (I'o (£),€). The ABLP
population mapping consists of both § = I'g (£) and £ = ¢ (£). Let Vg and V¢ denote the first-
order derivative with respect to 6 and &, respectively. Let ||-|| denote the Euclidian norm. We start
with imposing standard regularity conditions for the consistency and asymptotic normality of the
nested pseudo-GMM estimator (i.e., Proposition 11 in Kasahara and Shimotsu 2009 and Condition
1 and 2 in Kim and Park 2010). We impose the regularity condition on ®; (6o, &).

Condition 1 (a) Wr —p W5 (b) @ (0,&) is three times continuously differentiable in the neigh-
borhood of (0o, &) ; (c) © and Bg are compact: (0,£) € © x Be; (d) a unique 0y € int (©) exists
such that £, = ® (00, &) ; (e) To (§) is a single-valued continuous function of £ in a neighborhood
of &y; (f) the mapping f (£) = ¢ (€) — £ has a nonsingular Jacobian matrix at &y; (g) g (60,&p) =
0, Ellalll VT < o0, B [lllP| VT < o0, B[l (80, &)l VT < o0, E |94 (00, &) I1°] VT <

00 (h) B [supgee [[Ve®: (6, 0)I%| /VT < 00, E [supgee [ Vo®: (6,€)[1?] /v/T < o0; and
(i) Vg, (6,6) WV4g, (6,€) is nonsingular at (6o, &) -
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8 Appendix B : Proofs

Proof of Lemma 1. Assume without loss of generality that there is one market and J products
exist in it. For k=1,2,--- | J,

J
Dy (07,€7) = &+ Zl (InSj — Ins; (€75 67)] b
j=
0Py, (0%, %) J rpx ey O Olns; (f*;@*)}
78&'/ = 1 +J§1 {[IDS lnSJ (é. ,9 )] ag, hk‘] ag/
B J Olns; (£%60%)
= 1 —j; hk]—ﬁf/ ,

where In S; —1Ins; (£%;6%) = 0for j =1, ..., J, and hy; is (k, j) element of the matrix [
that is,

ons(er00)] L
dns(eron)] ™,

hi1 hi2 -+ his
hot hae --+ hay |  [OIns(€50%)] "
hji hy2 -+ hyy

Thus we have

0P (0*,£%) Ie— [alns(f*;e*)]_l Jlns (&% 60%)
73 ’ o¢ o¢
= I;—1;=0j,.

Proof of Proposition 1.
Assume without loss of generality that there is one market and J products exist in it.
(BLP) The BLP minimization problem is as follows:

min € (0) ZWyrZ'¢ (6),

0cO
where (1) £ () is obtained by the BLP contraction mapping: £ (6) satisfies In S =1ns (£(0);0).
Suppose a local root gz p such that (2) the first-order condition (FOC) of the BLP minimization
problem holds at 53 LP:

L4 (0)
dg

By the implicit function theorem and the market share equations, In.S = Ins (£ (6);60), for any 6,

|9=5BLP -

S ZWrZ'€(6)

dfléle) _ [alnsggge);e)r [alnsggege);e)] .
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Then we can rewrite the FOC of the BLP minimization problem as

{[qu [Mw]}’mzw) _o a1

‘9:5BLP

o€’ o6’

(ABLP) The ABLP minimization problem with < ApLp is as follows:

Ieréiél P (97EABLP) IWrZ'® <9>EABLP) :
Suppose a fixed point (EAB LP75ABLP) such that (1) (no updating) EABLP = <§ABLP’EABLP) ?

and (2) the following first-order condition holds at 5,4 BLP -

0P (9, EABLP) I

2 00

IWrZ'® (&EABLP) = 0. (A2)

‘HZEABLP
(The set of these fixed points includes the set of the fixed points of the ABLP mapping.)

Now we will show a fixed point <gABLP75ABLP> satisfies the market share equations, InS =
Ins (& 0), and then that the FOC of the BLP minimization problem is equivalent to the FOC of
the minimization problem in the ABLP mapping with no updating of &.

First, the equation, EABLP =0 (EABLPagABLP> , implies no change or updating occurs in £ at the

fixed point as follows:

[9lns (gABLP§§ABLP) I

P (EABLPaEABLP> = Eaprp+ o [lnS —1Ins (EABLP;éABLP)}
_ _ - o1
= gABLP = EABLP + o <€A38?3; QABLP) [1115 —Ins (EABLP;EABLP)}
o1 z, 0 o
o ns <§A2L;7 ABLP) [lnS s (zABLPQAéABLPﬂ
=0 = 1nS—1ns<EABLP;5ABLP). (A.3)

Next, look at the first-order condition of the ABLP minimization problem in (A.2) :

0% (0,Ea50r)
00

2 ZWirZ'® (agABLP)

|9=5ABLP -
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~ '~ ~ !/
where § yprp = <§ABLP,1: e afABLP,J) ;and for i =1,2,---,J,

P, <075ABLP) = &aBLP +ji1 {ln Sj —Ins; <EABLP§ 9)} fij

0®; <9(;§/ABLP) = i [ln S; —Ins; (gABLP§9)} %I;Zf - fz‘jaln i <§2/BLP;9)

J=1

~ -1
. .. . ol ;0 .
where f;; is (i,7) element of the matrix [HS@ABLP)] ; in other words,

e’
fu fizo fu 5 1
for fo2 oo far | dlns (fABLP;Q)
S o€’
frn fr2 o fig
If we evaluate both ® (evEABLP> and %(?,Mp) at EABLP,
P (eagABLP> lotaipir = Saprp (A.4)
- - 1 -
0P <9>§ABLP> dlns <§ABLP§ 9) Odlns (fABLP; 9)
o0’ 0=6apLp af’ o0’ ‘9=5ABLP

because In S —In s <E ABL P;EA BL p) = 0. Then the first-order condition of the ABLP minimization

problem becomes

~ ~ —1 ~ ~
Olns (ﬁABLP; 9ABLP) Olns (fABLP; 9ABLP> -

From the BLP contraction mapping and (A.3) , we can say both (5 (EABLP> ,EABLP> and (EABLPv aABLP)
satisfy the market share equations, In.S = Ins (£;6). And from equations (A.1) and (A.5), we can
say both <§ <5ABLP) 75ABLP> and (EABLP75ABLP> satisfy the same form of the first-order condi-

tion. This result implies that the set of the local roots of the BLP minimization, {53,;1:, 13 <5BLP> } ,

is identical to the set of the fixed points of the ABLP minimization with no updating, { § 4pLp, EABLP} .
In addition, for any pair (£°,6°) (which is both a local root of the BLP minimization and a fixed
point of the ABLP mapping), the value of the GMM objective function in the BLP minimization

is equal to the value of the GMM objective function in the ABLP minimization: £° = & (6°,£°)
= ' IWyp Z'€° = ® (0°,6°) ZW 0 2'® (6°,£°) .
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The BLP estimator, denoted by 53 P, is the parameter # with the lowest value of the BLP GMM
objective function among the local roots of the FOC of the BLP minimization. The BLP estimator
53Lp and its corresponding & (gBLp) become the fixed point with the lowest value of the ABLP
GMM objective function among the fixed points of the FOC of the ABLP minimization with no
updating. And the reverse is also true. Therefore, the BLP estimator is numerically equivalent to
the Converged ABLP estimator. m

Proof of Proposition 2.

Let Vg and V¢ denote the first-order derivative with respect to 6 and , respectively. Let [-|| denote
the Euclidian norm. Let Q jr (HK,fK_l) = EJT (GK,fK_l), WJ;/@JT (QK,fK_I) .

By definition, ¥ satisfies the first-order condition (FOC):

VoQur (0%,6571) = 0. (A.6)
Expanding V@ jr (GK, §K_1) in (A.6) around (5, /f\) using the mean value theorem,

0= VoQur (0,€) <9K - 5) + VoeQur (0,€) (§K71 - Z) ; (A7)

A~

where (5, E) lie between (HK,fK*I) and (5, §) , and V@ 1 (5,%) = 0. From (A.7), we get the
bound of 8% — @ as follows:

05 —0 = [VaoQur (0.8)] " VoeQur (0.8) (€571 ~¢)
0 (Jle~¢])- (A8)

For the bound of &% — E, we need to expand the right-hand side of €5 = @ (HK, §K*1) around
(0.6)
=0 (58) +508 (02) (9 -) +ven (1) (¢ -5+ 0 (Je=- -] )
= K _T=v,0 (E,E) (eK —5) +O <H§K1 —2”2> (A.9)

because ® (57/5\) = Ve® (5,2) =0 by Lemma 1 and 0% —9 = O (HEK_I —EH) in (A.8).
Expanding g7 (0%,6" ) around (57 Z) and using Vg7 (0%, €)' Wrgp (5, E) -

27



op (3] 0, (117 e

) in the over-identified model,

Vodr (HK,fol), WJTEJT (0%, 51
= VGEJT (eKng_l)/ WJT?JT (/éa E) + VQEJT (eKa fK_l)/ /WJTVQEJT (/éa E) (eK - 5)

VG (0%, Wor Vi (02) (7 -8) v (e -2 ).

¢ g0 (e -2[).

because Vg 1 (HK,§K_1),/W7JT§JT (HK,fK_l) = 0 (FOC) and Vg/j]T (@,E) = 0 by Lemma 1.

Thus we have

= 0= Vg (65,6571 WorVeg,r (0.€) (65 - 0)+0, (/1)

-~ _1
0K —9 =0, ((JT) 2

aog)cofje ). ww

The result in (A.10) substitutes for % — 6 in (A.9). Therefore, the bound of ¢£ — is

=g vo(fe-gf).

&K -8=0, (1)

By the way, in the exactly-identified model, 5 JT (5, E) = (. Thus, Expanding 5 JT (9K N 71)
around (5, E) yields

0 = Vogr (0%, WirVeg,r (§’E> <9K —5> + O <H5K1 —EH2> :
= 9K _§=0 (HgK—l —§H2> .
In the same way as above, we have

e -2-o(je 7).
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9 Appendix C : ABLP with Concentration on Nonlinear Parame-

ters 17

Similar to BLP (see Nevo 2000), ABLP restricts its parameter search over nonlinear parameters
0 € Onr, and IV regression estimates its linear parameters [ separately. The ABLP with a
concentration on nonlinear parameters has the same properties as ABLP. Therefore, all proofs of
ABLP will be applied to this version of ABLP. Similar to ABLP, ABLP with concentration starts
with an initial guess 0° for the unobserved product characteristic. At each iteration K > 1, the

following two stages occur:

Stage 1 [ Update of 6 ]: Obtain a new GMM estimate of 6 as

0% =T (6%1) = argmin ® (9,65 1) ZW,r2'® (0,657,
0cONL

where

® (0,651 =6(0,6571) — X5,

ol S (0,0571)
06’

B=(X"PrwX) 'X'Pyw (0,651), Psw = IWyr 7.

-1

[nS—1InS (6,651,

5 (0,057 =651 ¢

Stage 2 [ Update of § ]: Update § using the 8% of step 1; that is,
s =@ (0%,6571).

Iterate in K until convergence in 0 and 6 is reached.

'"Recently, Moon, Shum, and Weidner (2010) (MSW) proposed a complementary estimation method to BLP by
adding interactive fixed effects and using a nested fixed point algorithm. ABLP in Appendix C is applicable to their
model. To our knowledge, however, the MPEC approach cannot be applied to the MSW model.
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10 Appendix D : Partial Derivatives

e The following derivatives are calculated by market ¢. Thus, we omit subscript ¢ for simple

notation.

Olns(0 Olns(0,0
. n;g(’ £) ( n;(;(, )) , where Ins = (In sy, ...,Ins;)’, and 8812,5 = (88121187 oy %lénjs).

i 0s1 0s1 . 951
5(19651 8(19862 SgafJ
S S S
Jlns (f, 0) _ 52821 52822 T 528§J
o' : : -, :
Js g Js g . Js g
| 57081 8508, 5798519, ¢
r I 117
i% >ict (8i1—87) 51 I3 (—sisi2) T 2ie1 (—sitsig)
11~/
S Zz ! ( si2si1) &1 i (3i2 ) 357 2oie1 (—Si2siy)
I I
L SL% Zi:l (=sigsi1) SJ T Ez 1 ( Sijsi2) é% Zz: (5sz - SQJ) 0, ¢
o exp(X;8i+¢;) . . (98 1t 2 . ‘
where sij = 1+Zf/:16xp(;fj/;3¢+£jf) = X s a6 = 1 X (S” ij) forj=1,....7;
and 687 = %Zij:l (—s4j8;,) for j#kand k=1, ..., J.
Olns;
° 89; .

85]- . .
70, s as follows:

0s; 0s; 1< J
= = g sii | 2% — s
S SR CR

I J
- Zas” > DL
— = = vsi |2 — x5S0
doy, doj, T 4= """\ 7
i=1 j'=1

0s;
Sjaek )

dlns; .
We can get ag, using
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11 Appendix E.

11.1 Nonparametric Specification

The ABLP approach is not limited to a parametric distribution. We can approximate any well-
behaved distribution using the histogram approach that Kamakura (2001) proposes and that Bajari,
Fox, Kim, and Ryan (2009) apply for a discrete-choice model..

First, we can model the distribution of the random coefficients as a mixture of point masses.

The market share function is approximated as follows:

§t7 29 Sj ftv ) (C'l)

where there are R basis points 8 = (,6’ L ﬁR), 5" is the K-dimensional preference parameter and

0" is the probability of basis r, respectively. The 6 = (01, e GR) must satisfy
>0 =1, 6" >0. (C.2)

We could interpret that R types of agents with the proportion 6 exist.
Second, we could instead model the density function of the random coefficients as a mixture of
normal densities in order to have a smooth distribution of the random coefficients. In this model,

basis r denotes a joint normal function with K independent normal densities as follows.
N (B"|u",0") =TTN (Brluk, ok)
k

where p" = (pf, ..., %), and 6" = (o], ...,0%). Let 8" denote the probability weight to basis r.
With basis 7, we simulate I draws from N (5"|u", ") . Let a particular draw i be denoted by ™.

The market share function is

N \

5 (6,0) ZGTCi st,ﬁ”)) (C:3)

The 6 = (6, ...,0™) must satisfy (C.2).
As in the case of the parametric market share function, we can apply the ABLP algorithm to

the nonparametric market share function.
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11.2 Estimation

The Convergent ABLP’s estimation of parameters and standard errors is the same as BLP’s. A

straightforward approach to this model is to find parameters satisfying the following condition
gjt (0) = &4 (0) z;; and E[gj: (0)] = 0,

where £, is the unobserved product characteristic and z;; is instrumental variables for price p;; for

7=1,....J, t=1,...,T. Note the sample analog to the population moment is
1 1
gn (0) = ﬁZZfﬁ (0) Z;, = Nzhn(9)7
J t n

where IV denotes JT' and hy, (0) = &, (0) Z,,.
If we have more instrumental variables than parameters, we can run GMM estimation by min-
imizing
gn () Wyn (6)
where W is a weight matrix and V' = Var (gn (0)) in order to minimize variance of the GMM

estimate. Note that the sample analog to V is given by

var (o 8)) = ver (5 20 (1)) = 53 S ver (1 0)
Vo (i (9)) = 8 [0 ()0 (0) ] = 2 o (9) 0 (B)

since hy, (6) is i.i.d. and E [hy, (0)] = 0.

In estimation, we can start with some initial 8, compute W and then find the # that minimizes

v

the objective function. We can iteratively recompute the weight matrix W and re-estimate until
the estimates don’t change much between iterations. If we have the same number of moments as
parameters, the choice of the weighting matrix W doesn’t affect estimates of 6, in principle. How-
ever, if there is over-identification, this iteration procedure obtains efficient estimates conditional

on instrumental variables Z.

11.3 Standard Error

Let Qn (0) = 3gn (0) Wan (0) . GMM estimates 0 satisfy

82QN <5) \/NaQN () |

VN (5 - 9) — | T ovae 90
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where 6 is between 6 and 6.

VN (3-0) < N (0. (Cwr) ewawr (mwr) ).

where
B Agn (0) Ohy, (0)
roo= |20 =s [
Q = Var <\/N9N (9)) = E [hn (0) by (0)']
Pox(0) v, pryyr

VN2O) LN (0,T'WQWT).
If we ignore the simulation error, the asymptotic variance matrix of a GMM estimate 0 is given by
7 / —1 gy, §2 / -1
Avar (6) = ('wr) "' T'W W ('WT)
The asymptotic variance matrix can be approximated as
e PPN B O NP SR |
AVar (0) = (T'wT)  T'w—wT (M'wT)
with

oha (0)

Jifn a6’
0 = ;fzn:hn(@)hn(@)'

where these derivatives are numerically obtained and the weight matrix W is fixed.

=)

For a parametric specification of market share function, the standard errors of parameters are

1
the diagonal elements of AVar <0) ? . For a nonparametric specification, however, 6 contains the
probability weights, which are not the parameters of interest. Let B (f) be the parameters of
interest. By the delta method,

VN <B (5) ~B (9)) 4N (o, VB () (WD) T'WQwT (I'WT) ' vB (9)) .

The asymptotic distribution of B (5) provides the standard errors of interest.
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